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Abstract
Let g be a pseudo–Riemannian metric of arbitrary signature on a manifold V with conventional n + n
dimensional splitting, n ≥ 2, determined by a nonholonomic (non–integrable) distribution N defining a
generalized (nonlinear) connection and associated nonholonomic frame structures. We work with an adapted
linear metric compatible connection D̂ and its nonzero torsion T̂ , both completely determined by g. Our
first goal is to prove that there are certain generalized frame and/or jet transforms and prolongations with
(g,V)→ (ĝ, V̂) into explicit classes of solutions of some generalized Einstein equations R̂ic = Λĝ, Λ = const,
encoding various types of (nonholonomic) Ricci soliton configurations and/or jet variables and symmetries.
The second goal is to solve additional constraint equations for zero torsion, T̂ = 0, on generalized solutions
constructed in explicit forms with jet variables and extract Levi–Civita configurations. This allows us to
find generic off–diagonal exact solutions depending on all space time coordinates on V via generating and
integration functions and various classes of constant jet parameters and associated symmetries. Our third
goal is to study how such generalized metrics and connections can be related by the so–called "half-conformal"
and/ or jet deformations of certain sub–classes of solutions with one, or two, Killing symmetries. Finally, we
present some examples of exact solutions constructed as nonholonomic jet prolongations of the Kerr metrics,
with possible Ricci soliton deformations, and characterized by nonholonomic jet structures and generalized
connections.
Keywords: Nonholonomic manifolds and jets, generalized connections, geometric methods and PDE,
Ricci solitons, Einstein manifolds, modified gravity, exact solutions and mathematical relativity.
MSC: 58A20, 53C05, 53C43, 83C15, 83D05
1 Introduction
Various results and methods of the theory of nonholonomic manifolds, jets and connections can be combined
and applied to the study of symmetries of systems of nonlinear partial differential equations, PDEs, and con-
structing exact and approximate solutions. In modern physics, such fundamental field and evolution equations
are related to the Ricci soliton geometry, mathematical relativity, particle physics and geometric mechanics
[36, 38, 39, 40]. For instance, a jet space technique was elaborated upon to analyze special features of the
vacuum Einstein equations in general relativity, GR, that allows to define certain generalized symmetries and
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conservation laws. In a more general context, a Lagrangian formalism was elaborated on the jet–gauge and jet–
diffeomorphism groups with the aim of unifying gravity with internal gauge symmetries [1]. Another direction
related to Finsler–Lagrange geometry and nonholonomic mechanics was considered by the authors of papers
[4, 30, 2, 3], where certain generalizations of Einstein equations were formulated on jet spaces endowed with
nonlinear connection structures.
In recent years, series of works have been devoted to elucidating geometric methods that allow for the decou-
pling of (modified) Einstein equations for certain "auxiliary" connections with respect to adapted nonholonomic
frames, and constructing generic off–diagonal solutions1 depending on all spacetime coordinates, see reviews of
results in [40, 45, 15]. Following the so–called anholonomic frame deformation method, AFDM, the solutions
are generated in explicit forms via formulae determined by generating and integration functions, and various
commutative and noncommutative parameters. Such solutions may exhibit Killing, non–Killing solitonic and/or
other type of symmetries, which for respective boundary/ initial / source conditions can be with nontrivial space-
time topology. The solutions may also describe evolution and/or dynamical processes, or result in stochastic
behaviour. We can extract Levi–Civita configurations with zero torsion if we impose additional nonholonomic
constraints on certain classes of generalized solutions. It should be noted that because such systems are nonlin-
ear it is important to consider the restrictions via integration / generation functions and constants, symmetry
/ boundary / initial conditions "at the end", on some defined integral varieties. By prescribing from the very
beginning only some special ansatz for the metrics and connections may result in a simplified system of equations
(for instance, to transform it into a nonlinear system of ordinary differential equations), that may not decouple
the PDEs in a general form. This can result in reducing the number of the bulk of nonlinear off–diagonal
multi-variables.
The goal of this work is to study the basic properties of nonholonomic Ricci soliton and (modified) Einstein
equations with metrics and (generalized) connections generated by jet prolongations of exact solutions. We
study also the constraints under which various classes of solutions with generalized jet variables and symmetries
are transformed into standard Einstein metrics with jet parametric dependence of generic off–diagonal metrics.
Readers are referred to monographs [36, 23] on main results on jets and jet bundle geometry. The literature
on nonholonomic jet manifolds and bundles is less popular and more sophisticated than that on holonomic jets.
Experts on mathematical relativity and PDEs are less familiar with the geometry of nonholonomic manifolds
elaborated as in the Vraˇnceanu–Horak approach [47, 48, 49, 22], see recent results and applications in [6, 44]. We
cite here some important works on generalized connections developed by different schools of differential geometry
on nonholonomic jets, quasi-jets and the theory of higher order connections, see [12, 34, 37, 10, 46]. We will
sketch a few essential notions and necessary results using recent approaches formulated in Refs. [26, 27].
In this work, we follow three explicit goals motivated and stated in section 2.4.5. The first goal is to
develop the anholonomic frame deformation methods, (AFDM, see reviews of results in [40, 43, 45]) in such
a form that will allow us to decouple the nonholonomic r–jet deformations of the Ricci soliton and Einstein
equations, and integrate such equations for general classes of generic off–diagonal metric and nonlinear connection
structures. The second goal is to show how we can extract from extra dimensional jet configurations the Levi–
Civita connections (in particular, physically important solutions in GR with jet parameters) by solving the
nonholonomic constraints for zero torsion conditions. Finally, the third goal is to analyze explicit examples of
exact solutions depending on jet parameters defining nonholonomic deformations of black hole solutions and
gravitational solitonic waves. We study how nonholonomic and/or r–jet deformations of the Kerr metric may
model the physical effects of Ricci solitons in massive gravity and other modified gravity models [8, 31, 32, 14,
35, 19, 20, 24, 5, 28, 15].
The article is organized as follow. In section 2, we recall basic facts and definitions concerning nonholonomic
manifolds and jets and elaborate on the concept of generalized connection structure. We provide an introduction
to the geometry of nonholonomic manifolds and bundles endowed with nonlinear connection structures. There
are outlined main results and stated respective denotations on nonholonomic maps and jets of (non) holonomic
manifolds. The first important result is formulated in Theorem 2.3 stating that there is a canonical distinguished
connection structure on r–jet prolongation of (modified) Einstein manifolds which will allow to prove the main
1which can not be diagonalized by coordinate transforms in a finite spacetime region, for instance, in GR
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results in the next section. Then, we elaborate in details the formalism of nonholonomic r–jet prolongation of
Ricci soliton and (generalized/modified) equations. This allows us to formulate and prove the second important
result, i.e. Theorem 2.4, which provides the N–adapted equations for gradient canonical Ricci jet-solitons and
generalizes the jet-extensions of Einstein manifolds.
In section 3, we formulate and prove the main theorems (the first two main results of this work) on decoupling,
see Theorem 3.1, and integration, see Theorem 3.2, of (modified) Ricci soliton and Einstein equations. The
approach consists of the generalization of the results for nonholonomic jet prolongations of fundamental geometric
and physical objects in generalized/ modified gravity theories and further developments of AFDM. The key idea is
to consider nonholonomic 2+2+2+... splitting with two dimensional (2-d) shells of jet coordinates and adapting
the geometric constructions for such nonholonomic spacetime and jet distributions.
Section 4 is devoted to explicit examples of exact solutions depending on jet coordinates, jet parameters,
symmetries, Killing and non-Killing symmetries, deformations by Ricci soliton configurations, modified gravity
contributions, mimicking massive gravity terms with effective cosmological constant and gravitational polar-
izations. The third main result of this paper, Theorem 4.1, is related to Ricci soliton modifications and r–jet
prolongations of the Kerr metric which play an essential role in the physics of black holes. Such black hole
metrics can be extended to generic off–diagonal forms for various classes of modified gravity theories with extra
dimensions [40, 43, 45, 15]. The AFDM even allows us to construct very general integral varieties for such grav-
itational and geometric evolution like nonlinear systems of PDEs. For r–jet configurations, it is clear that new
classes of gravitational and matter field equations at least possess certain jet type local symmetries and possible
association with nonlinear gauge interior degrees of freedom. We show that such solutions can be constructed
both with zero or non–zero canonical torsion, with possible rotoid symmetries for Kerr – de Sitter configurations
and other classes of vacuum and non-vacuum jet prolongations.
In Appendix, we provide a summary of the most important and necessary N–adapted coefficient formulas
and provide technical details of some theorems.
Acknowledgments: The work was partially supported by the Program IDEI, PN-II-ID-PCE-2011-3-0256
and visiting research programs at CERN and visiting DAAD fellowships. The results were communicated at the
Marcel Grossman Conference in Rome in 2015.
2 Nonholonomic Manifolds, Jet Bundles and Generalized Connections
We start by recalling a few basic definitions on the geometry of nonholonomic manifolds and bundles,
related jet spaces and theory of generalized (nonlinear) connections [36, 23, 26, 27]. The geometric approach is
generalized in a form to unify both the concepts of nonholonomic manifolds [47, 48, 49, 22, 6, 44] and that of
nonholonomic jet spaces [12, 34, 27].
We shall work in the category of n+m dimensional nonholonomic manifolds V, with n,m ≥ 2, of necessary
smooth class (for instance, of class C∞), Hausdorff, finite dimensional and without boundaries. The solutions of
certain systems of nonlinear partial differential equations (PDE) can be topologically nontrivial, with singularities
and various type of Killing and non–Killing symmetries. Such PDEs, nonholonomic constraints2 and their
solutions are for geometric models of (modified) gravity theories and Ricci soliton equations defined as certain
stationary configurations in a nonholonomic geometric evolution system, with possible Wick rotations (for small
deformations) and frame transformations between Lorentzian and Euclidean signatures of metrics.
2.1 Holonomic jets
Jets are certain equivalence classes of smooth maps between two manifoldsM,dimM = n, andQ,dimQ = m,
when the maps are represented by Taylor polynomials. One writes this as f, g : M → Q and says that a r-jet is
determined at a point u ∈M if there is a r-th order contact at u. The idea is formalized mathematically using
the concept as the r-th order contact of two curves on a manifold.
2equivalently, anholonomic (nonholonomic), i.e. non–integrable
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Definition 2.1 -Lemma: Two curves γ, δ : R → V have the r-th contact at zero if for every smooth function
ϕ on M the difference ϕ◦γ−ϕ◦ δ vanishes to r-th order at 0 ∈ R. In this case, we have an equivalence relation
γ ∼r δ when r = 0 implies γ(0) = δ(0). If γ ∼r δ, then f ◦ γ ∼r f ◦ δ for every map f : b→ Q
Two maps f, g : V → Q are said to determine the same r–jet at x ∈ M, if for every curve γ : R → V with
γ(0) = x the curves f ◦ γ and g ◦ γ have the r-th order contact at zero. In such a case, we write jrxf = j
r
xg, or
jrf(x) = jrg(x). An equivalence class of this relation is called an r-jets of M into Q.
Definition 2.2 The set of all r–jets of M into Q is denoted by Jr(M,Q); for an element X = jrxf ∈ J
r(M,Q),
the point x := αX is the source of X and the point f(x) =: βX is the target of X.
One denotes by πrs , 0 ≤ s ≤ r the projection j
r
xf → j
s
xf of r–jets into s–jets. All r–jets form a category, the
units of which are the r–jets of the identity maps of manifolds.
By Jrx(M,Q), or J
r
x(M,Q)y we mean the set of all r-jets of x onto Q with source x ∈M, or tangent y ∈ Q,
Jrx(M,Q)y = J
r
x(M,Q) ∩ J
r
x(M,Q)y and L
r
n,m = J
r
0 (R
n,Rm)0
In local coordinates xi, the value ∂iˇf :=
∂ |ˇi|f
(∂x1)i1 ...(∂xn)in
is the partial derivative of a function f : U ⊂ Rn → R,
with a multi-index iˇ of range n, which is a m–tuple iˇ = (i1, ..., in) of non-negative integers. We write |ˇi| =
i1 + ...+ in, with iˇ! = i1!i2!...in!, 0! = 1, and xiˇ = (x1)i1 ...(xn)in for x = (x1, x2, ..., xn) ∈ Rn.3
Consider a local coordinate system xi on M and a local coordinate system ya on Q. Two maps f, g :M → Q
satisfy jrxf = j
r
xg if and only if all the partial derivatives up to order r of the components f
a and ga of their
coordinate expressions coincide at x. In this a case the chain rule implies f ◦ γ ∼r g ◦ γ. For the curves xi = ζ it
with arbirtary ζ i, these conditions read
∑
|ˇi|=k
(∂iˇf
a(x))ζ iˇ =
∑
|ˇi|=k
(∂iˇg
a(x))ζ iˇ, for k = 0, 1, ..., r.
The elements of Lrn,m can be identified with the r-th order Taylor expansions of the generating maps,
i.e. with m-tuples of polynomials of degree r in m variables without the absolute term. Such an expression∑
1≤|ˇi|≤r
ζa
iˇ
xiˇ is the polynomial representative of a r–jet. Hence Lrn,m is a numerical space of the variables ζ
a
iˇ
.
Standard combinatorics yields dimLrn,m = m
[(
n+ r
n
)
− 1
]
. The coordinates on Lrn,m are sometimes denoted
more explicitly by ζai , ζ
a
ij, ..., ζ
a
i1...ir
, symmetric in all subscripts. The projection πrs : L
r
m,n → L
s
m,n consists in
suppressing all terms of degree > s.
The set of all invertible elements of Lrn,m with the jet composition is a Lie group G
r
m called the r-th differential
group of the r-th jet group in dimension m. For r = 1, the group G1m is identified with GL(m,R).
Let p : Q→M be a fibered manifold.
Definition 2.3 A map jrf : M → Jr(M,Q) is called a r-th jet prolongation of f : M → Q. The set JrQ of
all r–jets of the local sections of Y is called the r–th jet prolongation of Q and JrQ ⊂ Jr(M,Q) is a closed
submanifold.
We note that if Q→M is a vector bundle, then JrQ is a also a vector bundle.
2.2 Nonholonomic manifolds and nonlinear connections
The concept of nonholonomic jet is elaborated in Refs. [12, 34, 27], when multi–indices are not symmetric and
the jet spaces are subject to certain non–integrable conditions. Nonholonomic structures with non–integrable
constraints can be defined not only on the space of jets but also on the ’prime’, M, and ’target’, Q, manifolds.
In our approach, we shall elaborate a geometric formalism encoding nonholonomic geometric structures both on
manifolds and maps, i.e. on M,Q and Jr(M,Q).
3Our definition of multi-index derivative ∂iˇf is similar to Dif used in [23]. For clarity, we need to modify the system of notations
in order to elaborate a geometric method of constructing exact solutions of PDEs with jet variables.
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By definition, a nonholonomic manifold V is a manifold endowed with a nonholonomic distribution. In this
work we follow the approach elaborated by G. Vrănceanu [47, 48, 49] and Z. Horak [22], see reviews [6, 44]. For
our purposes (to construct jet-generalizations of the Einstein equations and physically relavant solutions), it is
enough to consider a nonholonomic distrubution determined by a nonlinear connection (N–connection) structure
N = {Nai (x, y)}. Such a N–connection can be introduced as a Whitney sum
N : TV := hV ⊕ vV, (1)
where TV is the tangent bundle of V and hV and vV are, respectively the horizontal (h) and vertical (v)
subspaces for a nonholonomic fibration.4 N-connections were used in coordinate form by E. Cartan in his model
of Finsler geometry [9] by considering V = TM as a tangent bundle to a manifold M. In a similar form, we
can work with a vector bundle, V = E, on M,dimE = n +m,dimM = n (for n,m ≥ 2) instead of TM. The
global definition of N–connection is due to C. Ehresmann [11]. In [23], such connections are studied for fiber
bundles and are called generalized (Ehresmann) connections.5 We will follow a different system of notations that
were elaborated upon and used in the theory of nonholonomic (non) commutative Ricci flows, nonholonomic
Dirac operators and Clifford bundles, and, deformations and quantization of generalized geometries and gravity
theories [41, 42, 44].
Any N defines a N–adapted frame structure eα = (ei, ea), on TV, and co–frame structure eβ = (ej , eb), on
the dual tangent bundle T ∗V,
eα = (ei = ∂i −N
b
i ∂a, ea = ∂a) and e
β = (ej = dxj , eb = dyb +N bi dx
i), (2)
where the Einstein summation convention is applied on repeated indices and ∂i = ∂/∂xi and ∂a = ∂/∂yb. In
general, such local bases are nonholonomic, i.e. eαeβ−eβeα = W
γ
αβeγ , with nontrivial nonholonomy coefficients
W γαβ. In this work, we take these frame structures to be canonical in the sense that they are linear on N–
connection coefficients and admit (see Theorem 3.1) the decoupling of (modified) Einstein equations in general
form. Here we note that although there are different canonical N–connection structures in different models of
Finler-Lagrange geometry, Hamilton geometry etc., see details in [9, 41, 42, 44], those constructions can not be
used for constructing exact solutions in gavity theories. We call certain geometric objects to be distinguished
objects (d–objects), for instance d–tensors, d–vectors if they are determined by the coefficients in N-adapted
form6, i.e. with respect to N–elongated (co) bases (2) and their tensor products. For instance, a vector X ∈ TV
can be written in a "non N-adapted" coordinate form, X = Xα∂α, or as a d–vector, X = hX ⊕ vX = Xαeα =
Xiei +X
aea.
Two important characteristics of a N–connection are 1) the almost complex structure J, where J(ei) = −e2+i
and J(e2+i) = ei, with J satisfying the symplectic relation J ◦ J = −I, where I is the unit matrix and 2) the
Neijenhuis tensor (called also the curvature of N–connection) defined as
NJ[X,Y] := −[X,Y] + [JX,JY]− J[JX,Y]− J[X,JY], ∀X,Y ∈TV.
Linear connections on (V,N) can be defined in N–adapted form as distinguished connections, d–connections,
in order to preserve under parallel transport the distribution (1). Such a covariant differential operator splits
as D = (hD, vD). We can associate to D a 1–form Γγα = Γ
γ
αβe
β and elaborate a N–adapted differential form
calculus. The torsion and curvature are defined, respectively, in terms of standard formulae:
T(X,Y) := DXY −DYX+ [X,Y] and R(X,Y) := DXDY −DYDX−D[X,Y]. (3)
4Local coordinates are with a conventional 2+2 splitting, uα = (xi, ya), with i, j, ... = 1, 2 and a, b, ... = 3, 4, ...; in brief,
u = (x, y) ∈ V for any point and its coordinates. We shall use boldface symbols in order to emphasize that certain spaces and/or
geometric objects are provided with or adapted to a N–connection structure.
5We refer the readers to this monograph for a modern approach to differential geometry and main results on jets, Weil bundles
and generalized connections.
6this mean that certain geometric constructions are adapted to a horizontal h- and vertical v–splitting stated by a N–connection
distribution (1)
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Also, in the usual way, the Ricci d–tensor Ric is constructed by the contraction of indices in the curvature tensor
R = {Rαβγµ}, Ric := {Rβγ = R
α
βγα}, [41, 42, 44]. Readers may study such papers, and references therein,
on deformation quantization of gravity based on almost complex structures characterizing generic off-diagonal
solutions.
Let g be a metric of arbitrary signature on a nonholonomic manifold/ bundle (V,N) which in N–adapted
form (1) is represented as a symmetric d–tensor,
g = hg ⊕ vh = gαβ(u)e
α ⊗ eβ = gij(x, y)dx
i ⊗ dxj + gab(x, y)e
a ⊗ eb.
For any metric structure g on a nonholonomic manifold (V,N) , there are two "preferred" linear connections,
completely and uniquely, defined by
g→
{
∇ : ∇g = 0; ∇T = 0, the Levi–Civita connection;
D̂ : D̂g = 0; hT̂ = 0, vT̂ = 0, the canonical d–connection.
(4)
It should be noted that ∇ is not a d–connection because it’s parallel transport does not preserve the horizontal
h- and the vertical v-splitting (1). Nevertheless, there is a unique N–adapted distortion relation
D̂ = ∇+ Ẑ (5)
when both linear connections D̂ and ∇ and the distorting d–tensor Ẑ are completely determined by the metric
structure g for a prescribed N–connection structure N. The Ricci and Riemannian tensors are different for D̂
and ∇ because, in general, T̂ 6= 0 but ∇T = 0. All geometric constructions with (g,∇;V) can be transformed
equivalently into similar ones with (g,N,D;V), and conversely, if distortion relations (5) are utilized.
There are two canonical scalars determined by a d–metric g via D̂, sR̂ := gβγR̂βγ and the standard (pseudo)
Riemannian scalar determined by ∇, R := gβγRβγ . Both values are related by a distortion relation which can
be found by contracting with gβγ nonholonomic deformations of the Ricci tensor, R̂ic = Ric + Ẑic, which are
computed by substituting (5) in formulae (3).
2.3 Nonholonomic jets and N–adapted manifolds and maps
Nonholonomic jet structures can be introduced even if the prime and target manifolds are considered only
with holonomic distributions. In a more general context, all maps and manifolds can be nonholonomic.
2.3.1 Nonholonomic maps of holonomic manifolds
Let us consider two holonomic manifolds M and Q and introduce the set of nonholonomic 1–jets J1(M,Q) :=
J1(M,Q) for r = 1.7 By induction, we can consider the source projection α : Jr−1(M,Q) → M and the target
projection β : Jr−1(M,Q)→ Q as the target projection of (r − 1)–th nonholonomic jets.
Definition 2.4 An X ∈ Jr(M,Q) is said to be a nonholonomic r–jet with the source x ∈ M and the target
y ∈ Q if there is a local section σ :M → Jr(M,Q) such that X = j1xσ and β(σ(x)) = y
We write X = j1xσ (with calligraphic X ) instead of X = j
1
xσ from Definition 2.2 in order to emphasize that
the jet map is defined, in general, in nonholonomic form. There is a natural embedding Jr(M,Q) ⊂ Jr(M,Q).
In general, any X induces a nonholonomic map µX : (TT . . . T︸ ︷︷ ︸
r−times
M)x → (TT . . . T︸ ︷︷ ︸
r−times
Q)y, [27].
7In [27], this is written J˜1(M,Q) instead of boldface J1(M,Q). As we mentioned above, we use boldface letters in order to
emphasize horizontal h- and vertical v–splittings via a N–connection structure of a class of geometric objects/ maps / spaces. We
can consider such decompositions from the maps defining a jet structure (and write J1) even when the respective prime and target
manifold are holonomic ones, when M and Q are not boldface.
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2.3.2 Nonholonomic maps of nonholonomic manifolds
We can generalize the constructions with nonholonomic jets by considering that the geometric objects and
transforms are defined by equivalence classes of smooth maps between two nonholonomic manifolds V,dimV =
n + n, and Q,dimQ = m + m, and such maps are represented by Taylor polynomials in certain N–adapted
local frames. Other types of nonholonomic geometric models can also be elaborated on in a similar manner
for N–adapted maps of type V→ V′, where dimV = n + m and dimV′ = n′ + m′ and there are defined
N–connection decompositions TV = hV⊕vV and TV′ = h′V′⊕v′V′ of type (1) with corresponding mappings
N→ N′.
Definition 2.5 An X ∈ Jr(V,V′) is said to be a complete nonholonomic r–jet with the source u ∈ V and the
target u′ ∈ V′ if there is a local section σ : V→ Jr(V,V′) such that X = j1uσ and β(σ(u)) = u
′.
For simplicity, we use the same nonholonomic jet symbol X = j1uσ with boldface point u ∈ V. There
are also defined natural embeddings Jr(V, V ′) ⊂ Jr(V, V ′) ⊂ Jr(V,V′), that can be parameterized by local
coordinate and/or N–adapted frame systems and integrable or non-integrable maps. In general, any X induces a
nonholonomic map µX : (TT . . . T︸ ︷︷ ︸
r−times
V)u → (T
′T ′ . . . T ′︸ ︷︷ ︸
r−times
V′)u′ that splits into horizontal and vertical components
with h, v, ...→ h′, v′, ...
We can generalize the concept of jet prolongation of fibered manifold, see Definition 2.3, to cases with
nonholonomic maps and to prime and target nonholonomic manifolds. Let p : Q → V be a fibered manifold
when, in general, both Q and V are with nontrivial N–connection structures.
Definition 2.6 A nonholonomic map jrf : V → Jr(V,Q) is called a r-th jet prolongation of f : V → Q. The
set JrQ of all r–jets of the local sections of Q is called the r–th jet prolongation of Q and JrQ ⊂ Jr(V,Q) is a
closed submanifold.
We note that if Q → V is a distinguished vector bundle with nonholonomic base and nonholonomic total
spaces, then JrQ is a also a distinguished vector bundle.
2.3.3 Local expressions and h- v-coordinates
In order to construct exact solutions in explicit forms by using geometric methods, it is important to use
certain local coordinate and N–adapted constructions even if geometric models are (locally and/or globally)
intrinsically formulated. Let us establish the necessary conventions: We use x = {xi} as local coordinates on
a prime manifold M, when i, j, ... = 1, 2, ...n. We use y = {ya} as local coordinates on a target manifold Q,
when a = n + 1, ...n + m. On Jr(M,Q), our local coordinates are xi, ya and the induced coordinates vai1...ip
are symmetric on the low indices i1,i2, ...ip = 1, ..., n, for p = 1, ..., r. Working with nonholonomic jet spaces
Jr(M,Q) for the same prime and target manifolds we use boldface induced coordinates vai1...ip which are not
symmetric on i1,i2, ...ip.We can consider corresponding coordinate systems with the same coordinate description
for any JrY,JrY or JrY.
Let us introduce parameterizations for indices and coordinates of N–adapted mapsV→ V′, when u = (x,y) =
{uα = (xi, ya)} are local coordinates on V and u′= (x′,y′) = {uα
′
= (xi
′
, ya
′
)} are local coordinates on V′. We
write ∂αˇf :=
∂|αˇ|f
(∂u1)α1 ...(∂un+m)αn+m
for the partial derivative of a function f : U ⊂ Rn+m → R, with a multi-
index αˇ of range n+m, which is a (n+m)–tuple αˇ = (α1, ..., αn+m) of non-negative integers. For such nonholo-
nomic spaces, we write |αˇ| = α1 + ... + αn+m, with αˇ! = αˇ1!αˇ2!...αˇn+m!, 0! = 1, and uαˇ = (u1)1 ...(un+m)αn+m
for u = (x1, x2, ..., xn; yn+1, ..., yn+m) ∈ Rn+m.
The local coordinate system is conventionally split on both nonholonomic manifolds. Two N–adapted maps
1f : V→ V′ and 2f : V→ V′ satisfy jru
1f = jru
2f if and only if, for the curves uα = ζαt with arbitrary ζα,∑
|αˇ|=k
(∂αˇ
1fα
′
(u))ζ αˇ =
∑
|αˇ|=k
(∂αˇ
2fα
′
(u))ζ αˇ, for k = 0, 1, ..., r.
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We define jet distinguished groups, d–groups, with elements Lrn+m,n′+m′ identified with the r-th order Taylor
expansions of the generating maps. These are n + m-tuples of polynomials of degree r in n′ + m′ variables
without absolute term, with a polynomial representative of a r–jet which can written in the form
∑
1≤|αˇ|≤r
ζα
′
αˇ u
αˇ.
Lrn+m,n′+m′ in a numerical space of the variables ζ
α′
αˇ . A standard combinatoric calculus gives
dimLrn+m,n′+m′ = (n
′ +m′)
[(
n+m+ r
n+m
)
− 1
]
.
In explicit form, the coordinates on Lrn+m,n′+m′ are denoted by ζ
α′
αˇ , ζ
α′
αˇβˇ
, ..., ζα
′
αˇ1...αˇr which are symmetric in all
subscripts if such values are taken in natural coordinate frames. The projection πrs : L
r
m,n → L
s
m,n consists in
suppressing all terms of degree > s.
The set of all invertible elements of Lrn+m,n′+m′ with the jet composition is a Lie d–group G
r
n+m called the
r-th differential d–group of the r-th jet d–group in dimension n +m. For r = 1, the group G1n+m is identified
with a nonholonomic group decomposition GL(n+m,R)→ GL(n,R)⊕GL(m,R) corresponding to a horizontal
(h) and vertical (v) splitting (1).
In this work, we study nonholonomic jet prolongations of the geometric objects from section 2.2 in Jr(V,V′)–
framework with local coordinates
uαs = (xi, ya, ζα
′
αˇ1...αˇr) = (x
i, ya, ζas). (6)
We use the label s in order to perform a conventional splitting of dimensions, dim sV = 4+2s = 2+2+ ...+2 ≥
4; s ≥ 0 for conventional finite dimensional (pseudo) Riemannian space sV. The jet coordinates vα
′
αˇ1...αˇr are
re–grouped in oriented two shells 8 which allows us to apply the AFDM and to construct exact solutions for
generalized Einstein equations and metrics sg with arbitrary signatures (±1,±1,±1, ... ± 1). Such shells are
determined by nonholonomic data which transforms into ζα
′
αˇ1...αˇr with symmetric lower indices if the constructions
are performed in coordinate bases. Let us establish conventions on (abstract) indices and coordinates uαs =
(xis , yas), for s = 0, 1, 2, 3, .... labellings of the oriented number of two dimensional, 2-d, "shells" added to a 4–d
spacetime. For s = 0 (in a conventional form), we write uα = (xi, ya) and consider the following local systems
of coordinates:
s = 1 : uα1 = (xα = uα, va1) = (xi, ya, ζa1), (7)
s = 2 : uα2 = (xα1 = uα1 , va2) = (xi, ya, ζa1 , ζa2),
s = 3 : uα3 = (xα2 = uα2 , va3) = (xi, ya, ζa1 , ζa2 , ζa3), ...
for i, j, ... = 1, 2; a, b, ... = 3, 4; a1, b1... = 5, 6; a2, b2... = 7, 8; a3, b3... = 9, 10, ... and i1, j1, ... = 1, 2, 3, 4; i2 ,
j2, ... = 1, 2, 3, 4, 5, 6; i3, j3, ... = 1, 2, 3, 4, 5, 6, 7, 8; ... In compact notation, we write u = (x, y); 1u = (u, 1ζ) =
(x, y, 1ζ), 2u = ( 1u, 2ζ) = (x, y, 1ζ, 2ζ), ...
We underline the indices in order to emphasize that certain values are with respect to local coordinate
bases. The transformations between local frames, eαs , and coordinate frames, ∂αs = ∂/∂u
αs on sV are written
as eαs = e
αs
αs(
su)∂/∂uαs . General parameterizations of coefficients eαsαs give nonholonomy relations eαseβs −
eβseαs = W
γs
αsβs
eγs . The nonholonomy coefficients W
γs
αsβs
= W γsβsαs(u) vanish for holonomic configurations. Using
the condition eαs⌋eβs = δ
αs
βs
, where the ’hook’ operator ⌋ corresponds to the inner derivative and δαsβs is the
Kronecker symbol, we construct dual frames, eαs = e αsαs(
su)duαs .
It is important to distinguish the partial derivatives on spacetime coordinates (for instance, ∂i = ∂/∂xi, ∂a =
∂/∂ya and ∂α = ∂/∂uα) and on r–jet variables, when ðas = ∂/ζ
as is used for a 2+2+ ...conventinal splitting of
partial derivatives ∂/∂ζα
′
αˇ1...αˇr . In some sense, ζ
α′
αˇ1...αˇr can be considered as extra dimension coordinates but with
certain additional Lie d–group properties of Grn+m considered above.
2.4 Jet prolongation of Ricci soliton and Einstein equations
We can define canonical N–connection, frame, metric and distinguished metric sturcures on Jr(V,V′) de-
termined by prolongations of respective prime objects on V, see Definition 2.3.
8In a similar form, we can split odd dimensions, for instance, dimV = 3 + 2 + ...+ 2.
8
2.4.1 Shell parameterized N–connection and associated frame structures
A map jrf : M → Jr(M,Q) is called a r-th jet prolongation of f :M → Q. The set JrQ of all r–jets of the
local sections of Y is called the r–th jet prolongation of Q and JrQ ⊂ Jr(M,Q) is a closed submanifold.
Theorem 2.1 Any N–connection structure N on V determines a r–th jet prolongation of N–connection sN on
Jr(V,V′) as the Whitney sum
sN : T sV = hV ⊕ vV ⊕ 1vV ⊕ 2vV ⊕ ...⊕ svV, (8)
for a conventional horizontal (h) and vertical (v) "shell by shell" splitting.
Proof. It is a natural construction when the coefficients of N–connection are defined by jet prolongations
and parameterized as sN = Nasis (
su)dxis ⊗ ∂/∂ζas on every chart on Jr(V,V′), i.e. for sV.
 (end proof).
Using the coefficients of N–connection, we prove the following.
Corollary 2.1 r–th jet prolongations induce on Jr(V,V′) a system of N-elongated bases/ partial derivatives,
eνs = (eis , eas), and cobases, N–adapted differentials, e
µs = (eis , eas).
Proof. Taking (2) for V, we prolongate on s ≥ 1 shells,
eis =
∂
∂xis
− Nasis ðas , eas = ðas =
∂
∂ζas
, (9)
eis = dxis , eas = dζas + Nasis dx
is . (10)

The N–adapted operators (9) satisfy nonholonomy relations:
[eαs , eβs ] = eαseβs − eβseαs = W
γs
αsβs
eγs , (11)
when W bsisas = ∂asN
bs
is
and W asjsis =
JNasisjs , where the Neijenhuis tensor, i.e. the curvature of the r–th jet
prolongation of N–connection, is JNasisjs = ejs
(
Nasis
)
− eis
(
Nasjs
)
.
2.4.2 N–adapted shell prolongation of d–connections
On Jr(V,V′) with prolongation of geometric objects from V, we define linear connection structures in
N–adapted form in the following.
Theorem 2.2 –Definition: There are distinguished connection, d–connection, structures, sD = {Dαs},
with D = (hD; vD), 1D =( 1hD; 1vD), ..., s−1D =( s−2hD; s−1vD), sD =( s−1hD; svD), preserving under
parallelism the N–connection splitting (8) and coefficients computed with respect to N–adapted bases (9) and (10).
Proof. We shall use, for instance, the term Theorem–Definition when a geometric object is defined by
an explicit construction which consists also of a proof of a Theorem. In this case, we prove the existence of a
d–connection by considering N–adapted covariant derivatives
Dα = (Di;Da),Dα1 = (
1Dα;Da1), Dα2 = (
2Dα1 ;Da2), ...,Dαs = (
sDαs−1 ;Das), for
hD = (Lijk, L
a
bk), vD = (C
i
jc, C
a
bc),
1hD = (Lαβγ , L
a1
b1γ
), 1vD = (Cαβc1 , C
a1
b1c1
), 2hD = (Lα1β1γ1 , L
a2
b2γ1
),
2vD = (Cα1β1c2 , C
a2
b2c2
), ..., shD = (L
αs−1
βs−1γs−1
, Lasbsγs−1),
svD = (C
αs−1
βs−1cs
, Casbscs),
when the coefficients
Γαβγ = (L
i
jk, L
a
bk;C
i
jc, C
a
bc),Γ
α1
β1γ1
= (Lαβγ , L
a1
b1γ
;Cαβc1 , C
a1
b1c1
), (12)
Γα2β2γ2 = (L
α1
β1γ1
, La2b2γ1 ;C
α1
β1c2
, Ca2b2c2), ...,Γ
αs
βsγs
= (L
αs−1
βs−1γs−1
, Lasbsγs−1 ;C
αs−1
βs−1cs
, Casbscs)
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of such a d–connection sD = {Dαs} are computed in N–adapted form with respect to the frames (9)–(10)
following equations Dαseβs = Γ
αs
βsγs
eγs .

It is possible always to consider such frame transforms when all shell frames are N-adapted and 1Dα =
Dα,
2Dα1 = Dα1 , ...
sDαs−1 = Dαs−1 .
Corollary 2.2 –Definition: There are natural r–th jet prolongations of the torsion and curvature d–tensors
(3) defined on a prime V and elongated in N–adapted form on Jr(V,V′) with prescribed shell splitting on sV,
sT(X,Y) := sDXY−
sDYX+ [X,Y] and (13)
sR(X,Y) := sDX
sDY −
sDY
sDX−
sD[X,Y], (14)
for any d–vectors X,Y ⊂T sV.
Proof. To perform computations in N–adapted–shell form we consider a differential connection 1–form
Γαsβs = Γ
αs
βsγs
eγs and elaborate a differential form calculus with respect to skew symmetric tensor products
of N–adapted frames (9)–(10). Respectively, the torsion T αs = {Tαsβsγs} and curvature R
αs
βs
= {Rαsβsγsδs}
d–tensors of sD are computed
T αs := sDeαs = deαs + Γαsβs ∧ e
βs , (15)
Rαsβs :=
sDΓαsβs = dΓ
αs
βs
− Γγsβs ∧ Γ
αs
γs = R
αs
βsγsδs
eγs ∧ eδs , (16)
see Refs. [43, 45] for explicit calculations of coefficients Rαsβsγsδs in higher dimensions. The formulae in the jet
shell adapted coordinates (7) are very similar to those in N–adapted bases for extra dimensional (pseudo) Rie-
mannian spaces. In standard r–jet coordinates (6) for Jr(V,V′), uαs = (xi, ya, ζα
′
αˇ1...αˇr), additional contraction
of up-down indices and symmetrization lead to very cumbersome coefficient formulae.

In Appendix A.1, we present two Theorems on computing N–adapted coefficients formulas for Tαsβsγs and
Rαsβsγsδs .
2.4.3 Jet prolongation of d–metrics
On sV, a metric tensor can be written in the form
sg = gαsβse
αs ⊗ eβs = gαsβs
duαs ⊗ duβs = gαβdu
α ⊗ duβ + gαs+1βs+1
dζαs+1 ⊗ dζ
β
s+1 , s = 0, 1, 2, ..., (17)
where duα ∈ T ∗V and the indices are underlined in order to emphasize coordinate dual bases. The coefficients
of such a metric are subject to frame transform rules, gαsβs = e
αs
αse
β
s
βs
gαsβs
, which can be respectively gener-
alized for any tensor object. We can not preserve a 2 + 2 + 2 + ... splitting of the dimensions under general
frame/coordinate transforms.
Lemma 2.1 Any metric structure sg = {gαsβs} on
sV can be written as a distinguished metric (d–metric)
sg = gisjs(
su) eis ⊗ ejs + gasbs(
su)eas ⊗ ebs (18)
= gij(x) e
i ⊗ ej + gab(u) e
a ⊗ eb + ga1b1(
1u) ea1 ⊗ eb1 + ....+ gasbs(
su)eas ⊗ ebs .
Proof. Using frame/coordinate transforms, we can always parameterize any metric (17) in such form:
g
αβ
( u) =
[
gij + habN
a
i N
b
j haeN
e
j
hbeN
e
i hab
]
,
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on the prime manifold and, for r–prolongations,
g
α1β1
(
1ζ
)
=
[
g
αβ
ha1e1N
e1
β1
hb1e1N
e1
α1 ha1b1
]
, g
α2β2
(
2ζ
)
=
[
g
α1β1
ha2e2N
e2
β1
hb2e2N
e2
α1 ha2b2
]
, ...
g
αsβs
( sζ) =
[
gisjs + hasbsN
as
is
N bsjs hasesN
es
js
hbsesN
es
is
hasbs
]
.
By re–grouping terms shell by shell with respect to the bases (10), we obtain (18).

In diverse dimensions, such parameterizations are similar to those introduced in Kaluza–Klein type theories
when ζas , s ≥ 1, are considered as extra dimension coordinates with cylindrical compactification and N esα (
su) ∼
Aesasα(u)y
α represent certain (non) Abelian gauge fields Aesasα(u). Jet generalized gauge theories possess different
symmetries than those with potentials taking values in the Lie group algebras, see Ref. [1] on unification of
gravity with internal gauge interactions.
2.4.4 Canonical jet distortions and linear connections on jet bundles
For any r–jet prolongation (pseudo) Riemannian metric sg, we can construct in standard form the Levi–
Civita connection (LC–connection), s∇ = { pΓαsβsγs}. By definition such a connection is metric compatible,
s∇( sg) = 0, and with zero torsion, pTαs = 0 (we use formulae (15) for sD→ s∇). It should be emphasized
that such a linear connection is not a d–connection because it does not preserve under general coordinate
transforms a N–connection splitting (8).
Theorem 2.3 There is a canonical distortion relation
sD̂ = s∇+ sẐ, (19)
for a canonical d–connection sD̂ which is completely and uniquely defined by a (pseudo) Riemannian metric sg
(18) for a chosen nonholonomic distribution sN = {Nasis } when
sD̂( sg) = 0 and the horizontal and vertical
torsions are zero, i.e. hT̂ = {T̂i jk} = 0, vT̂ = {T̂
a
bc} = 0,
1vT̂ = {T̂a1b1c1} = 0, ...,
svT̂ = {T̂asbscs} = 0; the
distorting tensor sẐ = { Ẑ
αs
βsγs} is uniquely defined by the same data (
sg, sN).
Proof. We sketch a proof in appendix A.2.

The N–adapted coefficients of the distortion d–tensor Ẑ
αs
βsγs are algebraic combinations of T̂
αs
βsγs
and vanish
for zero torsion. The nonholonomic variables ( sg (18), sN, sD̂) are equivalent to the standard (pseudo)
Riemannian ones ( sg (17) s∇). For instance, GR in 4-d can be formulated equivalently using the connection ∇
and/or D̂ if the distortion relation (5) is used, see details in [40, 43, 45]. The r–jet prolongations give distortions
(19). We consider nonholonomic jet deformations of a 4–d (pseudo) Riemannian space to a Jr(V,V′) with a
canonical nonzero d–torsion. In such cases, we are able to decouple modified Einstein equations and construct
integral varieties with jet variables. At the end, we can impose additional nonholonomic constraints and fix
the jet coordinates in order to generate exact solutions of Ricci soliton/ Einstein equations in 4–d, or higher
dimensions, with r–jet symmetries.
Here we note that s∇ and sD̂ are not tensor objects. sD̂ is a d–connection and such linear connections
are subject to different rules with respect to coordinate transformations. It is possible to consider frame trans-
formations with certain sN = {Nasis } when the conditions pΓ
γs
αsβs
= Γ̂γsαsβs are satisfied with respect to some
N–adapted frames (9)– (10). In general, s∇ 6= sD̂ and the corresponding curvature tensors pRαsβsγsδs 6= R̂
αs
βsγsδs
are different, but the Ricci tensor components may coincide for certain classes of nonholonomic constraints.
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2.4.5 Prolongation of Ricci soliton and Einstein equations on nonholonomic jet configurations
In this section, we introduce important geometric and physical equations in nonholonomic variables on V
and consider generalizations on Jr(V,V′).
Definition 2.7 The geometric data (g,N,D;V) defines a gradient nonholonomic Ricci soliton if there exists a
smooth potential function κ(x, y) such that
R̂βγ + D̂βD̂γκ = λgβγ . (20)
There are three types of such Ricci solitons determined by a constant λ : steady ones for λ = 0; shrinking ones
for λ > 0; and expanding ones for λ < 0.
The above classification is determined by the Levi–Civita, LC, limits when shrinking solutions help us to
understand the asymptotic behaviour of the ancient (old) solutions of the Ricci flow theory [17, 18, 33]. By
generalizing and adapting the constructions to N–connection structures, one can describe geometric flows with
nonholonomic constraints [41, 42]. Here, we omit a study of geometric analysis issues and generalized Ricci
flow models and restrict our research to nonholonomic r–jet prolongations of equations and important classes of
solutions.
The N–adapted coefficients of the Ricci d–tensor Ric = {Rαsβs := R
τs
αsβsτs
} of a d–connection sD in
Jr(V,V′) are computed from the curvature tensor (16),
Rαsβs = {Risjs := R
ks
isjsks
, Ri1a1 := −R
k1
i1k1a1
, ..., Rasis := R
bs
asisbs
}. (21)
Using the inverse matrix of sg (18), we compute the scalar curvature of sD,
sR := gαsβsRαsβs = g
isjsRisjs + h
asbsRasbs = R+ S +
1S + ...+ sS, (22)
with respective to the horizontal (h) and vertical (v) components of the scalar curvature, R = gijRij, S = habRab,
1S = ha1b1Ra1b1 , ...,
sS = hasbsRasbs .
The Einstein d–tensor sEnst = { sEαsβs} for any nonholonomic r–jet data (
sg , sN, sD) is determined in
standard forms as,
sEαsβs :=
sRαsβs −
1
2
gαsβs
sR. (23)
Such nonholonomic jet prolongations of a prime Einstein tensor are not symmetric, and the d–tensor sRαsβs is
not symmetric for a general sD and sD( sEnst) 6= 0. For a canonical sD̂, we can always compute sD̂( sÊnst)
as a unique distortion relation determined by (19).
Proposition 2.1 For a N–connection splitting (8) on Jr(V,V′), the Levi–Civita and canonical d–connection
with prolongations are defined by the conditions
sg→
{
s∇ : s∇ sg = 0;
s∇T = 0, the Levi–Civita connection;
sD̂ : sD̂ sg = 0; hT̂ = 0, 1vT̂ = 0, ..., svT̂ = 0. the canonical d–connection.
Proof. It is a trivial N–adapted construction with nonholonomic r–jet prolongations of (4).

Einstein equations for a metric sg are natural prolongations that can be formulated in standard form using
the LC–connection s∇. By computing the corresponding Ricci tensor, pRαsβs , curvature scalar,
s
p R, and Einstein
tensor, pEαsβs , we arrive at
pEαsβs := pRαsβs −
1
2
gαsβs
s
p R = κ pTαsβs , (24)
where κ is the gravitational constant and pTαsβs is the stress–energy tensor for matter fields. In 4-d, there are
well-defined geometric/variational and physically motivated procedures for constructing pTαsβs . Such values can
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be similarly (at least geometrically) re–defined with respect to N–adapted frames using distortion relations (19)
and introducing extra dimensions.
The gravitational field equations (24) can be rewritten equivalently in N–adapted form for the canonical
d–connection sD̂, as
sR̂ βsδs −
1
2
gβsδs
sR = Υβsδs , (25)
L̂csasjs = eas(N
cs
js
), Ĉisjsbs = 0,
N Ĵasjsis = 0. (26)
The sources Υβsδs are constructed as in GR but with nonholonomic jet deformations for the formal extra
dimensions, when Υβsδs → κTβsδs for
sD̂ → s∇. The solutions of (25) contain nonholonomically induced
torsion (15).
If the conditions (26) are satisfied, the d-torsion coefficients (A.4) are zero and we get the LC–connection,
i.e. it is possible to "extract" solutions like as for the standard Einstein equations. The decoupling property can
be proved in explicit form by working with sD̂ and nonholonomic torsion configurations. Having constructed
certain classes of solutions in explicit form, with nonholonomically induced torsions and depending on various
sets of integration and generating functions and parameters, we can "extract" the solutions for s∇ by imposing
at the end additional constraints that give zero torsion.
Using natural prolongations from V on Jr(V,V′), we prove
Theorem 2.4 In nonholonomic N–adapted r–jet variables, the gradient canonical Ricci jet–solitons are defined
by equations
R̂ βsγs + D̂βsD̂γsκ = λgβsγs . (27)
Our first goal is to elaborate a geometric method for decoupling the equations (20) and (27). This is possible
for certain classes of nonholonomic constraints when the systems of nonlinear PDE (25) is supplemented with
additional zero torsion conditions (26). We are able to find general classes of solutions when κ is parameterized
so as to satisfy
R̂ij =
hΥ(xk)gij , (28)
R̂ab =
vΥ(xk, ya)gab, (29)
R̂βγ = 0, for β 6= γ, (30)
R̂a1b1 =
1vΥ(xk, ya, ζa1)ga1b1 , (31)
R̂β1γ1 = 0, for β1 6= γ1, (32)
...
R̂asbs =
svΥ(xk, ya, ζa1 , ..., ζas)gasbs , (33)
R̂βsγs = 0, for βs 6= γs, (34)
with respect to N–adapted frames (9) and (10). The effective source (anisotropically polarized cosmological
constant)
Υαβ = diag[Υ
1
1 = Υ
2
2 =
hΥ,Υ33 = Υ
4
4 =
vΥ,Υ55 = Υ
6
6 =
1vΥ, ...,Υ2s−12s−1 = Υ
2s
2s =
svΥ], (35)
is parameterized accordingly that allows the integration of the differential equations in explicit forms. We
shall prove that the general classes of solutions gαβ(u) depend generically on all spacetime coordinates via
the corresponding generating and integration functions, and various integrations constants. The solutions will
represent an explicit application of the geometry of nonholonomic distributions and generalized connections in
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mathematical relativity, modified gravity theories and the theory of physically important nonlinear systems of
PDEs.
The second goal is to find explicit solutions for the Levi-Civita (LC-configurations) (26) , i.e. for the
additional constraints when
sT̂ = 0, (36)
(this formula follows from (13)), when for some classes of solutions ( sg, sN, sD̂) of (28)–(34) we can extract
certain subvarieties of solutions ( sgˇ, sNˇ, s∇ = sDˇ = sD
p sTˇ→0) for zero torsion, after re–scaling the generating
functions and sources, sg→ sgˇ, sN→ sNˇ and hΥ(xk), ..,
svΥ(xk) → λ = const. With this procedure, we
formulate a geometric method of constructing exact solutions of the Einstein equations (24) with re–defined
source and N–adapted frame structures when
Rαsβs [
s∇] = λgˇαsβs (37)
on nonholonomic manifolds/bundles and r–jet prolongations. The metrics contain generic off–diagonal elements
(i.e. can not be diagonalized via coordinate transforms), which may depend on all spacetime coordinates and
can be prescribed (via generating/integrating functions and constants) to satisfy various necessary types of
symmetry, boundary, Cauchy, and topological conditions, with possible singularities and horizons. We note that
the system (28)–(34) together with LC–conditions (36) is equivalent to (37). Both such systems of PDEs are
nonlinear and parameter dependent. So, it is important at what stage certain nonholonomic constraints and
ansatz conditions for frames, metrics and connections are imposed i.e., at the end, when some solutions for sD̂
have been found, or at the beginning, when sD̂ → s∇. We can not decouple such systems of equations in a
general form if we work from the very beginning with the Levi–Civita connection s∇.
The third goal is to lay down certain geometric conditions on when a general (pseudo) Riemannian manifold
(g,V) (the metric g may or not be a solution of any (modified) Einstein or Ricci soliton equations) can be non-
holonomically deformed via the corresponding nonhololonomic jet maps with generalized connection structures
into certain geometrically/ physically important classes of solutions of systems of the type (28)–(36), or (37).
In such cases (g,V)
nonholonomic Jet
−−−−−−−−−− −→ (gˇ, Nˇ, Dˇ, Vˇ), when the target space Vˇ and the fundamental
geometric structures (gˇ, Nˇ, Dˇ) are constructed with nonholonomic jet transformations and (Jet) are solutions
of certain (modified/generalized) Einstein or Ricci soliton equations that depend on generalized jet parameters
and corresponding jet symmetries. We note, that for such geometric and physical models the jet variables are
prescribed certain constant values (we suppress the left label s).
3 Decoupling and Integration of Jet Prolongation of Einstein Equations
In this section, we prove that the system of nonlinear PDEs (28)–(34) with possible constraints (36) giving
(37), can be decoupled in very general forms with respect to N–adapted frames with two dimensional shell
parameterizations of jet variables. We show how such decoupled systems can be integrated in general forms for
vacuum and non–vacuum solutions in (modified) gravity and Ricci soliton theories.
3.1 Off–diagonal metrics for r–jet configurations with one Killing symmetry
We study nonholonomic jet deformations of the "primary" geometric/physical data into "target" data,
[ primary ]( s◦g,
s
◦N,
s
◦D̂) → [ target ](
s
ηg =
sg, sηN =
sN, sηD̂ =
sD̂).
The values labeled by "◦” define exact solutions in a Ricci soliton or gravity theory. The metrics with left label
"η" define a solution of modified gravitational field equations (28)–(34). The prime ansatz is written
s
◦g = g˚i(x
k)dxi ⊗ dxi + h˚a(x
k, y4)˚ea ⊗ e˚b + ǫa1 dy
a1 ⊗ dya1 + ....+ ǫasdy
as ⊗ dyas ,
e˚a = dya + N˚ai (x
k, y4)dxi, with N˚3i = n˚i, N˚
4
i = w˚i, (38)
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for ǫas = ±1 depending on the signature of extra dimensions and (˚gi, h˚a; N˚
a
i ) defining, for instance, the Kerr
black hole solution trivially imbedded into a 4 + 2s jet prolongation of spacetime. We express the N–adapted
coefficients of a target ansatz (18) as
gαs = ηαs(u
βs )˚gαs ;N
as
is
= ηN
as
is
(uβs−1 , y4+2s); ni = η
3
i n˚i, wi = η
4
i w˚i, not summation over i; (39)
with the so–called gravitational "polarization" functions and extra dimensional N-coefficients, ηαs , η
a
i and ηN
as
is
.
To be able to study certain limits ( sηg,
s
ηN,
s
ηD̂) → (
s
◦g,
s
◦N,
s
◦D̂), for ε → 0, depending on a small parameter
ε, 0 ≤ ε≪ 1, we introduce "small" polarizations of the type η = 1 + εχ(u...) and ηNasis = εn
as
is
(u...).
The decoupling property of modified Einstein equations can be proven in the simplest form for certain ansatz
with at least one Killing symmetry on a spacetime coordinate and certain parameterizations of nonholonomic
r–jet prolongations. We consider target metrics of type (18) parameterized in the form
s
ωg = gi(x
k)dxi ⊗ dxi + ha(x
k, y4)ea ⊗ eb + (40)
ha1(u
α, ζ6) ea1 ⊗ ea1 + ha2(u
α1 , ζ8) ea2 ⊗ eb2 + ....+ has( u
αs−1 , ζas)eas ⊗ eas ,
where ea = dya +Nai dx
i, for N3i = ni(x
k, y4), N4i = wi(x
k, y4);
ea1 = dζa1 +Na1α du
α, for N5α =
1nα(u
β, ζ6), N6α =
1wα(u
β , ζ6);
ea2 = dζa2 +Na2α1du
α1 , for N7α1 =
2nα1(u
β1 , ζ8), N8α1 =
2wα(u
β1 , ζ8);
....
eas = dζas +Nasαs−1du
αs−1 , for N4+2s−1αs−1 =
snα1(u
βs−1 , ζ4+2s), N4+2sα1 =
swα(u
βs−1 , ζ4+2s).
Such ansatz also contains a jet Killing vector ∂/∂ζs−1 because the jet coordinate ζs−1 is not contained in the
coefficients of such metrics.
3.2 Decoupling in nonholonomic r–jet shell variables
Let us consider an ansatz (40) with gi(xk) = ǫieψ(x
k), where ǫi = ±1, and the γ, α, β–coefficients are defined
by respective generating functions φ, sφ following the formulae
γ := ∂4(ln |h3|
3/2/|h4|), αi = (∂iφ)(∂4h3)/2h3, β = (∂4φ)(∂4h3)/2h3, (41)
for generating function φ = ln
∣∣∣∂4h3/√|h3h4|∣∣∣ , (42)
1γ := ð6(ln |h5|
3/2/|h6|),
1ατ = (ðτ
1φ)(ð6h5)/2h5,
1β = (ðτ
1φ)(ð6h5)/2h5, (43)
for r–jet generating function 1φ = ln
∣∣∣(ð6h5)/√|h5h6|∣∣∣ , (44)
2γ := ð8(ln |h7|
3/2/|h8|),
2ατ1 = (ðτ1
2φ)(ð8h7)/2h7,
2β = (ðτ1
2φ)(ð8h7)/2h7,
for r–jet generating function sφ = ln
∣∣∣ð2sh2s−1/√|h2s−1h2s|∣∣∣ ,
....,
with nonzero ∂4φ, ∂4ha, ð6 1φ,ð6ha1 ,ð2s
2φ,ð2sha2 .
We assume that via the N–adapted frame transformations the sources Υβsδs (35) in the equations (28), (29),
(31) and (33) can be parameterized in the form
Υ11 = Υ
2
2 =
vΛ(xk, y4) + v1Λ(u
β , ζ6) + v2Λ(u
β1 , ζ8),Υ33 = Υ
4
4 = Λ(x
k) + v1Λ(u
β , ζ6) + v2Λ(u
β1 , ζ8),
Υ55 = Υ
6
6 = Λ(x
k) + vΛ(xk, y4) + v2Λ(u
β1 , ζ8),Υ77 = Υ
8
8 = Λ(x
k) + vΛ(xk, y4) + v1Λ(u
β, ζ6). (45)
Such parameterizations are very general for (effective) Υβsδs with arbitrary contributions from Ricci soliton
or (modified) gravity and matter fields and further r-jet generalizations when the N–adapted coefficients are
modeled in certain systems of references by "polarized" cosmological constants Λ(xk), vΛ(xk, y4), v1Λ(u
β , ζ6),
v
2Λ(u
β1 , ζ8) etc. For certain models of gravity in extra dimensions , we consider, for simplicity, Λ = vΛ =
v
1Λ =
v
2Λ =
◦Λ = const. Such effective sources can always be introduced by re–defining the generating functions
(see below) for non–vacuum configurations.
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Theorem 3.1 For a general off–diagonal ansatz (40) with Killing symmetry ∂3 and N–adapted parameterizations
for generating functions (41)–(44) and sources (45), the system of modified Einstein equations (see N–adapted
equations (A.5)–(A.12)) decouple in the following form:
For a nonholonomic 2+2 spacetime splitting,
ǫ1∂11ψ + ǫ2∂22ψ = 2Λ(x
k), (46)
(∂4φ)(∂4h3) = 2h3h4
vΛ(xk, y4), (47)
∂44ni + γ∂4ni = 0, (48)
βwi − αi = 0; (49)
and, on nonholonomic r–jet variables,
(ð6
1φ)(ð6h5) = 2h5h6
v
1Λ(u
β, ζ6), (50)
ð
2
66
1nτ +
1γð6
1nτ = 0, (51)
1β 1wτ −
1ατ = 0, (52)
...
(ð2s
sφ)(ð2sh2s−1) = 2h2s−1h2s
v
sΛ(u
βs−1 , ζ2s),
ð
2
2s 2s
2nτ1 +
2γð2s
2nτ1 = 0,
2β 2wτ1 −
2ατ1 = 0, (53)
....
Proof. It is a tedious technical proof following an explicit calculation of nontrivial components of the Ricci
d–tensor for the mentioned ansatz and parameterizations of (effective) sources and parametrization functions
(see Appendix A.3). Such equations are straightforward consequences of the symmetries of the Einstein and the
Ricci d–tensors (A.13) for the canonical d–connection sD̂.

Let us explain in brief the decoupling property for the nonholonomic 4–d and r–jet equations (46)– (53):
1. The equation (46) is just a 2-d Laplace, or d’Alambert equation (depending on the prescribed signature
for εi = ±1) with solutions determined by any source Λ(xk).
2. The equation (47) contains only the partial derivative ∂4 and constitutes, together with the algebraic
formula for the coefficient (42), a system of two equations for four functions: h3(xi, y4), h4(xi, y4) and
φ(xi, y4) and source vΛ(xk, y4). Prescribing two any such functions, we can define (integrating w.r.t. to the
coordinate y4, or differentiating w.r.t. this coordinate) two other functions of the same type. Such functions
can be re–defined in order to transform vΛ(xk, y4) into an effective constant. The function φ(xi, y4) and/
or any its functional can be considered as a generating function which can be prescribed following certain
geometric or physical arguments on symmetries, boundary conditions, any explicit singular or non–singular
behaviour, smooth class conditions, stochastic conditions, topological configurations etc. This allows us
to compute ha(xi, y4) in explicit form. If necessary, we can consider, for instance, the coefficient h3(xi, y4)
(or h4(xi, y4)) to be a generating function and compute h4 (or h3) and φ for a given source vΛ(xk, y4). We
note that if we consider vacuum solutions for sD̂ with vΛ = 0 in (47), we are constrained to study only
configurations with N–adapted coefficients ∂4h3 = 0 and/or ∂4φ = 0. Such solutions are also important to
study geometric and physical properties of vacuum off–diagonal configurations and their possible diagonal
limits. The decoupling property is explicit for such vacuum and non–vacuum equations because they
contain only two coefficients of the metric, ha; and the coupling with other diagonal and/or off–diagonal
coefficients (like gi, wi, ni, and/or jet prolongations) are not involved.
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3. Having computed the coefficient γ (41), the N–connection coefficients ni can be defined after two integra-
tions on y4 in (48). This defines a part of N–connection coefficients. A value ni does not depend on other
coefficients of a d–metric except for the coefficient γ determined by ha.
4. Using h3 and φ from the previous discussion, we compute the coefficients αi and β, see (41), which allows
us to define wi from the algebraic equations (49). Such wi define a different part of the N–connection
coefficients, can determine off–diagonal coefficients of the metric and may also contribute to the diagonal
coefficients if such metrics are written in coordinate bases. Nevertheless, the functions wi are independent
from other coefficients of the d–metric and N–connection with respect to N–adapted frames.
5. The procedure in items 2-4 can be repeated step by step for any shell with r–jet variables. The equations
(50)–(52) are completely similar to (47)–(49) but contain additional dependencies on jet coordinates and
derivatives ð that depend on respective jet coordinates. For instance, the equation (50) and formula
(44) with partial derivative ∂6 are for functions h5(xi, ya, ζ6), h6(xi, ya, ζ6) and 1φ(xi, ya, ζ6) and source
v
1Λ(u
β , ζ6). We can compute any two such functions integrating w.r.t. the coordinate ζ6 if two other ones
are prescribed. In a similar form, we follow points 3 and 4 with 1ατ , 1β, 1γ, see (43), and compute the
higher order N–connection coefficients 1nτ and 1wτ .
6. The splitting property holds on any 2-d shell as it is stated in (53). Here we note that it is not clear if any
splitting of equations could be proven in general form for 3–d shells. This is partly because the topological
properties of 2-d and 3–d shells are very different. The equations of type (47), (50) are degenerate for
1–d shells. That is partly why our AFDM is based on 2+2+2+... splitting which allows to decouple and
solve such nonlinear systems of PDEs in general form. We can consider in similar form splitting of type
3+2+2+... for 3–d bases when the point 1 refers to the 3-d Laplace, or d’Alameber equations. For certain
configurations, we can generate extra–dimension and jet configurations by imbedding 1,2 and 3 dimensional
metrics into some d–metric configurations with the splitting 2+2+2+... In arbitrary systems of reference,
such effective vacuum and non–vacuum nonholonomic dynamical systems depend on spacetime coordinates.
They may be of nonlinear evolution type, or Ricci soliton fixed configurations, for respectively prescribed
signatures. Nevertheless, the assumption on 2–d shall is a condition imposing certain (2-d) topological
restrictions on the jet variables extensions.
Finally, we emphasize that the splitting property of nonholonomic and holonomic Einstein equations for
higher dimensions was proven in [43]. Geometric and physical models with jet variables and extra dimension co-
ordinates are similar in certain sense but with different jet symmetry conditions.9 Formal 2+2+2+... splitting are
possible only in adapted nonholonomic systems of reference and the derived nonholonomic dynamical/evolution
equations encode a different type of interior gauge like dynamics.
3.3 Jet integral varieties for off–diagonal metrics and generalized connections
The system of nonlinear PDEs (46)– (53) in spacetime and jet variables can be integrated in general forms for
any 2–d shell dim sV ≥ 4. We note that the coefficients gi = ǫieψ(x
k) are defined by solutions of corresponding
Laplace/ d’Alambert equation (46) that do not contain jet coordinates in N–adapted frames. General solutions
will be considered for "vertical" spacetime and jet variables.
3.3.1 4–d non–vacuum spacetime nonholonomic configurations
We can solve (47) and (42) for any ∂4φ 6= 0, ha 6= 0 and vΛ 6= 0. Let us re-write respectively the relevant
equations,
h3h4 = (∂4φ)(∂4h3)/2
vΛ and |h3h4| = (∂4h3)2e−2φ. (54)
9In this work, the concept of jet symmetry of some classes of solutions for (modified) Einstein equations is used in a sense that it
generalizes certain Lie group, Killing type, or anholonomy relations by introducing jet variables. In particular, we obtain elements
of the type Lrn,m introduced in section 2.1, and studied in details in Ref. [23, 26, 27].
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By considering a new generating function Φ := eφ and introducing the first equation into the second one, we get
|∂4h3| =
∂4(e
2φ)
4| vΛ|
=
∂4[Φ
2]
4| vΛ|
. (55)
Integrating w.r.t. the coordinate y4, we find
h3[Φ,
vΛ] = 0h3(x
k) +
ǫ3ǫ4
4
∫
dy4
∂4(Φ
2)
vΛ
, (56)
where 0h3 = 0h3(xk) is an integration function and ǫ3, ǫ4 = ±1. To compute h4 we can use the first equation
in (54) when
h4[Φ,
vΛ] =
(∂4φ)
vΛ
∂4(ln
√
|h3|) =
1
2 vΛ
∂4Φ
Φ
∂4h3
h3
. (57)
The formulae (56) and (57) for ha[Φ, vΛ] can be re–parameterized in a more convenient form with an effective
cosmological constant Λ˜0 = const 6= 0. Let us re–define the generating function Φ → Φ˜, when
∂4[Φ2]
vΛ =
∂4[Φ˜2]
Λ˜0
,
i.e.
Φ2 = Λ˜−10
∫
dy4( vΛ)∂4(Φ˜
2) and Φ˜2 = Λ˜0
∫
dy4( vΛ)−1∂4(Φ
2). (58)
By introducing the integration function 0h3(xk) and ǫ3, ǫ4, in Φ and respectively, in vΛ, we express the solutions
for ha as functionals on [Φ˜, Λ˜0,Ξ],
h3[Φ˜, Λ˜0] =
Φ˜2
4Λ˜0
and h4[Φ˜, Λ˜0,Ξ] =
(∂4Φ˜)
2
Ξ
. (59)
The functional Ξ[ vΛ, Φ˜] =
∫
dy4( vΛ)∂4(Φ˜
2) in the last formula can be considered as a re–defined source for
a prescribed generating function Φ˜, vΛ → Ξ, when vΛ = ∂4Ξ/∂4(Φ˜2) (it contains information on the Ricci
soliton contribution, and/or effective energy-momentum tensor of matter in modified gravity theories). We can
work with a couple of generating data, (Φ, vΛ) and (Φ˜,Ξ), related by formulae (58) for a prescribed effective
cosmological constant Λ˜0.
Using the values ha (59), we compute the coefficients αi, β and γ from (41). The resulting solutions for
N–coefficients, i.e of respective equations (48) and (49), can be expressed as,
nk = 1nk + 2nk
∫
dy4h4/(
√
|h3|)
3 = 1nk + 2n˜k
∫
dy4(∂4Φ˜)
2/Φ˜3Ξ, and
wi = ∂iφ/∂4φ = ∂iΦ/∂4Φ = ∂iΦ
2/∂4Φ
2 =
∫
dy4∂i[(
vΛ)∂4(Φ˜
2)]/( vΛ)∂4(Φ˜
2) = ∂iΞ/∂4Ξ, (60)
where 1nk(xi) and 2nk(xi), or 2n˜k(xi) = 8 2nk(xi)|Λ˜|3/2, are integration functions. Putting together the
formulae for the coefficients (59)-(60), we prove:
Theorem 3.2 The system of nonlinear PDEs (46)– (49) for non–vacuum 4–d configurations with Killing sym-
metry ∂3 is integrated in general form by quadratic line element of the form ds
2
4[dK] = gαβ(x
k, y4)duαduβ, when
ds24[dK] = ǫie
ψ(xk)(dxi)2 +
Φ˜2
4Λ˜0
[dy3 + ( 1nk +2 n˜k
∫
dy4
(∂4Φ˜)
2
Φ˜3Ξ
)dxk]2 +
(∂4Φ˜)
2
Ξ
[dy4 +
∂iΞ
∂4Ξ
dxi]2. (61)
This line element defines a family of generic off–diagonal solutions with Killing symmetry ∂/∂y3 of the 4–d
nonholonomic Einstein equations (28)–(30) with source parametrization of the type (45) and for the canonical
d–connection D̂ (the label 4dK is for "nonholonomic 4-d Killing solutions). We can verify by straightforward
computations that the nonholonomy coefficients W γαβ in (11) are not zero if arbitrary generating function φ and
integration funtions ( 0ha, 1nk and 2nk) are considered. This means that such metrics can not be diagonalized by
coordinate transforms in a finite spacetime region. The class of solutions (61) carry nontrivial canonical d–torsion
(15) which can be proven by using explicit N–adapted coefficient formulae (A.4) for the canonical d–connection
(A.3). In section 3.3.3, we shall state additional conditions when such solutions define LC–configurations.
Vacuum nonholonomic spacetime quadratic elements are considered in section A.4.1.
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3.3.2 Nonholonomic r–jet prolongations of non–vacuum solutions
The solutions with jet variables can be constructed in certain forms which are similar to the 4–d case
but achieved by using new classes of generating and integration functions with dependencies on r–jet shell
coordinates. We can generate solutions of the system (50)–(52) with coefficients (44) and (43) following a formal
analogy when the generating functions and (effective) sources from the previous paragraph are generalized in
the form: ∂4 → ð6, φ(xk, y4)→ 1φ(uτ , ζ6), vΛ(xk, y4)→ v1Λ(u
τ , ζ6)... and with re–defined values Φ˜(xk, y4)→
1Φ˜(uτ , ζ6) and Λ˜0 → 1Λ˜0 = const.
The first set of r–jet coefficients of the d–metric are computed to be h5[ 1Φ˜, 1Λ˜] =
1Φ˜2
4 1Λ˜
and h6[ 1Φ˜] =
(ð6 1Φ˜)2
1Ξ
,
for 1Ξ =
∫
dζ6( v1Λ)ð6(
1Φ˜2) and, for N–coefficients,
1nτ =
1
1nτ +
1
2nτ
∫
dζ6h6/(
√
|h5|)
3 = 11nk +
1
2n˜k
∫
dζ6(ð6
1Φ˜)2/( 1Φ˜)3 1Ξ,
1wτ = ∂τ
1φ/ð6
1φ = ∂τ
1Φ/ð6
1Φ = ∂τ
1Ξ/ð6
1Ξ,
where 0ha1 =
0ha1(u
τ ), 11nk(u
τ ) and 12nk(u
τ ) are integration functions.
A general class of quadratic line elements with one shell jet variables defining generic off–diagonal solutions
of the nonholonomic canonical deformations of the Einstein equations can be parameterized in the form
ds24+2[dK] = ds
2
4[dK] +
1Φ˜2
4 1Λ˜
[
dζ5 +
(
1
1nk +
1
2n˜k
∫
dζ6
(ð6
1Φ˜)2
( 1Φ˜)3 1Ξ
)
duτ
]2
+
(ð6
1Φ˜)2
1Ξ
[
dζ6 +
∂τ
1Ξ
ð6
1Ξ
duτ
]2
, (62)
where ds24dK is given by the formulae (61) and τ = 1, 2, 3, 4. This quadratic line element carries the Killing jet
symmetry ð5 (in N–adapted frames, the metric does not depend on ζ5).
Extending the constructions to the jet shell s = 2 with ð6 → ð8, 1φ(uτ , ζ6) → 2φ(uτ1 , ζ8), v1Λ(u
τ , ζ6) →
v
2Λ(u
τ1 , ζ8)..., with 2Φ˜(uτ1 , ζ8), 2Λ˜0, where τ1 = 1, 2, ..., 5, 6, we generate off–diagonal solutions in 8–d jet
modified gravity model,
ds24+4[dK] = ds
2
4+2[dK] +
2Φ˜2
4 2Λ˜
[
dζ7 +
(
2
1nτs +
2
2n˜k
∫
dζ8
(ð8
2Φ˜)2
( 2Φ˜)3 2Ξ
)
duτ1
]2
+
(ð8
2Φ˜)2
2Ξ
[
dζ8 +
∂τ1
2Ξ
ð8
2Ξ
duτ1
]2
, (63)
where ds24+2[dK] is given by (62),
2Ξ =
∫
dζ8( v2Λ)ð8(
2Φ˜2), and the corresponding integration/generating
functions 0ha2(u
τ1); a2 = 7, 8; 1nτ1(u
τ1) and 2nτ1(u
τ1) are integration functions.
Using 2+2+... symmetries of the off–diagonal parameterizations (62) and (63), we can construct exact
solutions for arbitrary finite sets of r–jet shells on sV for a nonholonomic Jr(V,V′). The corresponding quadratic
line elements are
ds24+2s[dK] = ds
2
2+2s[dK] +
sΦ˜2
4 sΛ˜
[
dζ3+2s +
(
s
1nτs−1 +
s
2n˜τs−1
∫
dζ4+2s
(ð4+2s
sΦ˜)2
( sΦ˜)3 sΞ
)
duτs−1
]2
+
(ð4+2s
sΦ˜)2
sΞ
[
dζ4+2s +
∂τs−1
sΞ
ð4+2s
sΞ
duτs−1
]2
, (64)
where sΞ =
∫
dζ4+2s( vsΛ)ð4+2s(
sΦ˜2), and the corresponding integration/generating functions; s1nτs−1(u
τs−1)
and s2nτs−1(u
τs−1) are also integration functions.
3.3.3 The Levi–Civita conditions
All solutions constructed in this section and (for vacuum configurations) in Appendix define subclasses of
generic off–diagonal metrics (40) for the canonical d–connections sD̂ and nontrivial nonholonomically induced
d–torsion coefficients T̂γsαsβs (A.4). It is natural to have such torsion fields in theories with gauge like jet
symmetries of gravitational and matter fields. Nevertheless, we can perform r–jet prolongations in such forms
that the nonholonomic induced torsion vanishes for a subclass of nonholonomic distributions with necessary types
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of parameterizations of the generating and integration functions and sources. In explicit form, we construct LC–
configurations by imposing additional constraints, including certain "shell by shell jet variables", on the d–metric
and N–connection coefficients. By straightforward computations (see details in Refs. [43], and Appendix A.5,
for r–jet variables), we verify that if in N–adapted frames
for ∂4wi = ei ln
√
| h4|, ei ln
√
| h3| = 0, ∂iwj = ∂jwi and ∂4ni = 0;
s = 1 : ð6
1wα =
1eα ln
√
| h6|,
1eα ln
√
| h5| = 0, ∂α
1wβ = ∂β
1wα and ð6 1nγ = 0; (65)
s = 2 : ð8
2wα1 =
2eα1 ln
√
| h8|,
2eα1 ln
√
| h7| = 0,ðα1
2wβ1 = ðβ1
2wα1 and ð8
2nγ1 = 0;
...
the torsion coefficients vanish. For n–coefficients, such conditions are satisfied if 2nk(xi) = 0 and ∂i 1nj(xk) =
∂j 1ni(x
k); 12nα(u
β) = 0 and ðγ 11nτ (u
β) = ðτ
1
1nγ(u
β); 22nα1(u
β1) = 0 and ðγ1
2
1nτ1(u
β1) = ðτ1
2
1nγ1(u
β1)
etc. The explicit form of solutions of constraints on wk derived from (65) depend on the class of vacuum or
non–vacuum metrics and their jet prolongations.
Let us find explicit solutions for the LC–conditions (65) using the spacetime coordinates. Such nonholonomic
constraints can not be solved in explicit form for arbitrary data (Φ, vΛ), or (Φ˜,Ξ, Λ˜0), and for all types of
nonzero integration functions 1nj(xk) and 2nk(xi). We are able to write such solutions in explicit form if, using
coordinate and frame transforms, we fix 2nk(xi) = 0 and 1nj(xk) = ∂jn(xk) for a function n(xk). We use the
property that eiΦ = (∂i −wi∂4)Φ ≡ 0 for any Φ if wi = ∂iΦ/∂4Φ, see (60). The equality eiH = (∂i−wi∂4)H =
∂H
∂Φ (∂i −wi∂4)Φ ≡ 0 holds for any functional H[Φ]. We can restrict our construction to a subclass of generating
data (Φ, vΛ) and (Φ˜,Ξ, Λ˜0) that are related via formulae (58) when H = Φ˜[Φ] is a functional which allows us
to generate LC–configurations in explicit form. Using h3[Φ˜] = Φ˜2/4Λ˜ (59) for H = Φ˜ = ln
√
| h3|, we satisfy
the second condition, ei ln
√
| h3| = 0, in (65).
Next, we solve the first condition in (65) for spacetime coordinates. Taking the derivative ∂4 of wi = ∂iΦ/∂4Φ
(60), we obtain
∂4wi =
(∂4∂iΦ)(∂4Φ)− (∂iΦ)∂4∂4Φ
(∂4Φ)2
=
∂4∂iΦ
∂4Φ
−
∂iΦ
∂4Φ
∂4∂4Φ
∂4Φ
. (66)
Choosing a generating function Φ = Φˇ for which
∂4∂iΦˇ = ∂i∂4Φˇ (67)
and using (66), we compute ∂4wi = ei ln |∂4Φ|. Taking h4[Φ, vΛ] (57), we write ei ln
√
| h4| = ei[ln |∂4Φ| −
ln
√
| vΛ|], (see also the conditions (67) and eiΦˇ = 0). Using the last two formulae, we obtain ∂4wi = ei ln
√
| h4|
if ei ln
√
| vΛ| = 0. This is possible for vΛ = const, or if vΛ can be expressed as a functional vΛ(xi, y4) = vΛ[Φˇ].
Here, we note that the third condition, ∂iwj = ∂jwi, in (65), can be solved for any Aˇ = Aˇ(xk, y4) for which
wi = wˇi = ∂iΦˇ/∂4Φˇ = ∂iAˇ.
In shell jet variables, we can extend the above constructions for the "shell" generating functions:
s = 1 : 1Φ = 1Φˇ(uτ , ζ6),ð6∂τ
1Φˇ = ∂τð6
1Φˇ; ∂α
1Φˇ/ð6
1Φˇ = ∂α
1Aˇ; 11nτ = ∂τ
1n(uβ); (68)
s = 2 : 2Φ = 2Φˇ(uτ1 , ζ8),ð8ðτ1
2Φˇ = ðτ1ð8
2Φˇ; ðα1
2Φˇ/ð8
2Φˇ = ðα2
2Aˇ; 21nτ1 = ðτ1
2n(uβ1); ...
We can re–define the generating functions as functionals of the "inverse hat" values, when
Φˇ2 = (Λ˜0)
−1
∫
dy4( vΛ)∂4(Φ˜
2) and Φ˜2 = Λ˜
∫
dy4( vΛ)−1∂4(Φˇ
2);
1Φˇ2 = ( 1Λ˜0)
−1
∫
dζ6( v1Λ)ð6(
1Φ˜2) and 1Φ˜2 = 1Λ˜
∫
dζ6( v1Λ)
−1
ð6(
1Φˇ2);
2Φˇ2 = ( 2Λ˜0)
−1
∫
dζ8( v2Λ)ð8(
2Φ˜2) and 2Φ˜2 = 2Λ˜
∫
dζ8( v2Λ)
−1
ð8(
2Φˇ2),
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and compute the values Ξ(Φ˜[Φˇ]), 1Ξ( 1Φ˜[ 1Φˇ]) and 2Ξ( 2Φ˜[ 2Φˇ]) as in (63). This way, we construct quadratic
line elements for LC–configurations as
ds24+2s[dK] = ǫie
ψ(xk)(dxi)2 +
(Φ˜[Φˇ])2
4Λ˜0
[
dy3 + (∂i n)dx
i
]2
+
(∂4Φ˜[Φˇ])
2
Ξ(Φ˜[Φˇ])
[
dy4 + (∂i Aˇ)dx
i
]2
+
( 1Φ˜[ 1Φˇ])2
4 1Λ˜0
[
dζ5 + (∂τ
1n)duτ
]2
+
(ð6
1Φ˜[ 1Φˇ])2
1Ξ( 1Φ˜[ 1Φˇ])
[
dζ6 + (∂τ
1Aˇ)duτ
]2 (69)
+
( 2Φ˜[ 2Φˇ])2
4 2Λ˜0
[
dζ7 + (ðτ1
2n)duτ1
]2
+
(ð8
2Φ˜[ 2Φˇ])2
2Ξ( 2Φ˜[ 2Φˇ])
[
dζ8 + (ðτ1
2Aˇ)duτ1
]2
+ ....
+
( sΦ˜[ sΦˇ])2
4 sΛ˜0
[
dζ3+2s + (ðτs−1
2n)duτs−1
]2
+
(ð2+2s
sΦ˜[ sΦˇ])2
sΞ( sΦ˜[ sΦˇ])
[
dζ4+2s + (ðτs−1
sAˇ)duτs−1
]2
.
The torsions of such non–vacuum exact solutions (69) generated by respective data ( sgˇ, sNˇ, s∇ˇ) are zero,
which is different from the class of exact solutions (64) with nontrivial canonical d–torsions (A.4) completely
determined by arbitrary data ( sg, sN, sD̂) with Killing symmetry ð7. For an arbitrary shell s, we always have
a Killing symmetry ðs−1.
3.4 Violation of Killing symmetries and jet prolongations
Considering prolongations of 4–d nonholonomic Ricci soliton and Einstein equations on jet variables we can
generate new classes of solutions with non–Killing symmetries both on spacetime coordinates and on jet shells.
On Jr(V,V′), there are two general possibilities to generate "non–Killing" configurations mentioned in Refs.
[43, 15] that in this work are generalized for nonholonomic jet variables: 1) to perform a formal embedding
into, for instance, higher dimension jet prolongation of vacuum spacetimes and/or by 2) "vertical" conformal
nonholonomic deformations, in general, with jet variables.
3.4.1 Imbedding into a jet prolongation of a vacuum solution
Let us analyze an example when a subclass of off–diagonal metrics for 6–d space with jet variables via
nonholonomic constraints and re–parameterizations transform into 4–d non–Killing vacuum solutions. We con-
sider the geometric case: Λ = vΛ = v1Λ = 0; h3 = ǫ3, h5 = ǫ5, nk = 0 and
1nα = 0 with a 2-d h–metric
ǫie
ψ(xk ,Λ=0)(dxi)2. The coefficients of the Ricci d–tensor are zero, see formulae (A.5)-(A.8) and (A.9)-(A.11).
For such conditions, we can not use equations (46)-(52) derived for ∂4h3 6= 0, ð6h5 6= 0 etc. because such
conditions do not allow, for instance, values h3 = ǫ3, h5 = ǫ5, for any nontrivial data h4(xi, y4), wk(xi, y4);
h6(x
i, y4, ζ6), 1wk(x
i, y4), 1w4(x
i, y4, ζ6). Such functions, depending in general, on spacetime and jet variables,
can be considered as generating functions for vacuum quadratic line elements
ds26→4 = ǫie
ψ(xk ,Λ=0)(dxi)2 + ǫ3(dy
3)2 + h4(dy
4 + wkdx
k)2 + ǫ5(dζ
5)2 + h6(dζ
6 + 1wkdx
k + 1w4dy
4)2 (70)
on the first 2–d jet shell on Jr(V,V′). This class of vacuum 6-d metrics with two jet variables are with nonzero
nonholonomically induced d–torsion (A.4). Such solutions can not be considered as a subclass of vacuum
solutions (A.18) when h3 → ǫ3 and h5 → ǫ5 because the conditions ∂4h3 6= 0 and ð6h5 6= 0 impose additional
constraints on the class of possible generating functions h4 and h6. By fixing from the very beginning certain
configurations with ∂4h3 = 0 and ð6h5 = 0, we can consider the values h4, h6 and wk, 1wk, 1w4 as independent
generating functions.
We generate LC–configurations if the coefficients of the d–metric (70) are subject to additional constraints
(65) up to s = 1. We can follow a formal procedure which is similar to that outlined in section 3.3.3. For any
constant h3 = ǫ3 and h5 = ǫ5, the conditions ei ln
√
| h3| = 0 and 1eα ln
√
| h5| = 0 are satisfied. The class of
generating functions can be restricted to solve the equations
∂4wi(x
i, y4) = ei ln
√
| h4(xi, y4)|, ∂iwj = ∂jwi, and (71)
ð6
1wα(x
i, y4, ζ6) = 1eα ln
√
| h6(xi, y4, ζ6)|, ∂α
1wβ = ∂β
1wα,
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Such equations do not depend on the spacetime coordinate y3 and on jet variable ζ5. By prescribing any values of
h4 and h6 we can find LC–admissible w–coefficients solving the system of first order partial derivative equations
in (71). In general, such solutions are defined for certain nonholonomic constraints, i.e. in "non–explicit"
form. If the respective d–metric and N–connection coefficients h4[Φˇ], h6[ 1Φˇ] and wk[Φˇ], 1wk[ 1Φˇ], 1w4[ 1Φˇ] are
determined by Φˇ(xi, y4) and 1Φˇ(xi, y4, ζ6) and satisfy conditions (67), (68) (for such configurations, h3 and h5
may be not functionals of type (59)), then we can solve equations (71) in explicit form.
By choosing any generating function Φˇ or 1Φˇ and functionals h4[Φˇ], h6[ 1Φˇ] we compute
wi = wˇi = ∂iΦˇ/∂4Φˇ = ∂iAˇ and 1wi = 1wˇi = ∂i 1Φˇ/ð6 1Φˇ = ∂i 1Aˇ, 1w4 = 1wˇ4 = ∂4 1Φˇ/ð6 1Φˇ = ∂4 1Aˇ, (72)
for some Aˇ(xi, y4) and 1Aˇ(xi, y4, ζ6) which are necessary to satisfy the equalities ∂iwj = ∂jwi and ∂α 1wβ =
∂β
1wα. Applying the functional derivatives of type (66) and N–coefficients of type (72) when H[Φˇ] = ln
√
| h4|
and 1H[ 1Φˇ] = ln
√
| h6|, we can satisfy the LC–conditions (71).
The constructions from the last two paragraphs allow to define a subclass of metrics of (70) determined by
generic off–diagonal metrics as solutions of 6–d vacuum Einstein equations with two jet variables from the first
shell,
ds26→4 = ǫie
ψ(xk ,Λ=0)(dxi)2+ǫ3(dy
3)2+h4[Φˇ](dy
4+∂kAˇdx
k)2+ǫ5(dζ
5)2+h6[
1Φˇ](dζ6+∂k
1Aˇ dxk+∂4
1Aˇ dy4)2.
(73)
The terms ǫ3(dy3)2 and ǫ5(dy5)2 are for trivial extensions from 4-d to 6–d configurations but imbedded in a
nontrivial form in a jet extra dimensional vacuum background. Re–defining the coordinate ζ6 → y3, we generate
vacuum solutions in 4–d gravity with metrics (73) depending on all four coordinates xi, y3 and y4. This way we
mimic certain 4-d gravitational interactions on a jet prolongation of a 3–d spacetime manifold. Finally, we note
that the nonholonomy coefficients (11) are not zero and that such metrics can not be diagonalized by coordinate
or jet coordinates transformations. This class of 4–d vacuum spacetimes do not possess, in general, any Killing
symmetries.
3.4.2 "Vertical" nonholonomic conformal and jet deformations
We briefly touch upon another possibility to generate off–diagonal solutions depending on all spacetime
coordinates and, in general, with nontrivial sources of type (A.13) [43]. To work with jet type variable the
formal re–definition of extra dimension coordinates into nonholonomic shell jet coordinates is necessary. By
straightforward but tedious computations, we can prove
Corollary 3.1 Any metric
g = gi(x
k)dxi⊗dxi+ω2(uα)ha(x
k, y4)ea⊗ea+ 1ω2(uα1)ha1(u
α, ζ6)ea1⊗ea1+...+ sω2(uαs)has(u
αs−1 , ζ4+2s)eas⊗eas , (74)
with the conformal v–factors subject to the conditions
ekω = ∂kω + nk∂3ω + wk∂4ω = 0, (75)
1eβ
1ω = ∂β
1ω + 1nβð5
1ω + 1wβð6
1ω = 0, 2eβ1
2ω = ∂β1
2ω + 2nβ1ð7
2ω + 2wβ1ð8
2ω = 0, ...
does not change the Ricci d–tensor (A.5)–(A.12).
As a result of this Corollary, any class of solutions considered in this section can be generalized to non–Killing
configurations using "vertical" nonholonomic conformal and jet transformations and deformations.
4 Nonholonomic Jet Prolongations of the Kerr Metric and Ricci Solitons
In this section, we study nonholonomic off–diagonal and/or jet deformations of the Kerr black hole solution.
The approach develops the results from section 4 of Ref. [15] for jet variables and Ricci soliton configurations
when the constructions for massive gravity are re–considered for jet modified gravity theories. A series of new
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class of exact solutions when the metrics are nonholonomically deformed into general or ellipsoidal stationary
configurations in four dimensional gravity with Ricci soliton correction and/or extra dimensions treated as jet
variables. We cite the monographs [21, 25, 29] for the standard methods and bibliography on stationary black
holes.
4.1 N–adapted parameterizations of the Kerr vacuum solution
A 4-d ansatz
ds2[0] = Y
−1e2h(dρ2 + dz2)− ρ2Y −1dt2 + Y (dϕ+Adt)2
parameterized in terms of three functions (h, Y,A) on coordinates (ρ, z) defines the Kerr solution of the vacuum
Einstein equations (for rotating black holes) if we choose
Y =
1− (px̂1)2 − (qx̂2)2
(1 + px̂1)2 + (qx̂2)2
, A = 2M
q
p
(1− x̂2)(1 + px̂1)
1− (px̂1)− (qx̂2)
, e2h =
1− (px̂1)2 − (qx̂2)2
p2[(x̂1)2 + (x̂2)2]
, ρ2 = M2(x̂21−1)(1− x̂
2
2), z =Mx̂1x̂2,
where M = const and ρ = 0 states the horizon x̂1 = 0 with the "north / south" segment of the rotation axis,
x̂2 = +1/− 1. For our purposes, such a metric is written in the form
ds2[0] = (dx
1)2 + (dx2)2 − ρ2Y −1(e3)2 + Y (e4)2, (76)
with some coordinates x1(x̂1, x̂2) and x2(x̂1, x̂2), when (dx1)2 + (dx2)2 = M2e2h(x̂21 − x̂
2
2)Y
−1
(
dx̂21
x̂2
1
−1
+
dx̂22
1−x̂2
2
)
and y3 = t + ŷ3(x1, x2), y4 = ϕ + ŷ4(x1, x2, t). We write e3 = dt + (∂iŷ3)dxi, e4 = dy4 + (∂iŷ4)dxi, for some
functions ŷa, a = 3, 4, with ∂tŷ4 = −A(xk).
The Boyer–Linquist coordinates for the Kerr metric are introduced as (r, ϑ, ϕ, t), where r = m0(1+px̂1), x̂2 =
cos ϑ. The parameters p, q are related to the total black hole mass, m0 and the total angular momentum, am0, for
the asymptotically flat, stationary and axisymmetric Kerr spacetime. The formulae m0 = Mp−1 and a =Mqp−1
when p2 + q2 = 1 imply m20 − a
2 = M2. In terms of these variables, the metric (76) is written
ds2[0] = (dx
1′)2 + (dx2
′
)2 +A(e3
′
)2 + (C −B
2
/A)(e4
′
)2, (77)
e3
′
= dt+ dϕB/A = dy3
′
− ∂i′(ŷ
3′ + ϕB/A)dxi
′
, e4
′
= dy4
′
= dϕ.
In these quadratic elements, we consider coordinate functions x1
′
(r, ϑ), x2
′
(r, ϑ), y3
′
= t + ŷ3
′
(r, ϑ, ϕ) +
ϕB/A, y4
′
= ϕ, ∂ϕŷ
3′ = −B/A, for which (dx1
′
)2 + (dx2
′
)2 = Ξ
(
∆−1dr2 + dϑ2
)
, when the coefficients are
A = −Ξ−1(∆− a2 sin2 ϑ), B = Ξ−1a sin2 ϑ
[
∆− (r2 + a2)
]
,
C = Ξ−1 sin2 ϑ
[
(r2 + a2)2 −∆a2 sin2 ϑ
]
, and ∆ = r2 − 2m0 + a2, Ξ = r2 + a2 cos2 ϑ. (78)
We consider the prime data
g˚1 = 1, g˚2 = 1, h˚3 = −ρ
2Y −1, h˚4 = Y, N˚
a
i = ∂iŷ
a, (79)
i.e. g˚1′ = 1, g˚2′ = 1, h˚3′ = A, h˚4′ = C −B
2
/A,
N˚3i′ = n˚i′ = −∂i′(ŷ
3′ + ϕB/A), N˚4i′ = w˚i′ = 0
for the quadratic linear elements (76), or (77), which define exact solutions with rotational spherical symmetry
of the vacuum Einstein equations parameterized in the form (25) and (26) with zero sources. The Kerr vacuum
solution in 4-d GR consists of a "degenerate" case of 4–d off–diagonal vacuum solutions determined by primary
metrics with data (79) when the diagonal coefficients depend only on two "horizontal" N–adapted coordinates
and the off–diagonal terms are induced by rotating frames.
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4.2 Deformations of Kerr metrics by an effective Ricci soliton source
Let us consider the coefficients (79) for the Kerr metric as the data for a prime metric g˚. Our goal is to
study nonholonomic off–diagonal deformations of the Kerr solution into a Ricci soliton configuration, i.e. when
the vacuum Einstein equations are modified by a Ricci soliton, with
(˚g, N˚,
v
Υ˚ = 0, Υ˚ = 0)→ (g˜, N˜, vΥ˜ = Λ(xk), hΥ˜ = vΛ(xk, y4)), Λ˜0 = const 6= 0,
where the target source (45) is parameterized as Υ˜11 = Υ˜
2
2 =
hΥ˜ = vΛ(xk, y4) and Υ33 = Υ
4
4 =
vΥ = Λ(xk)
and encode contributions of gradient function κ and the constant λ from the Ricci soliton equations (20) into
solutions of equations (28)–(30). The target metric g˜ is constrained to define a generic off–diagonal solution
of the field equations with effective horizontal (h)- and vertical (v)–polarized gravitational constants. In some
sense, the Ricci soliton contributions may induce a mass term of the type Λ˜0 = µ2g λ˜, like the one considered
in [15], for respective parameterizations. The N–adapted deformations of coefficients of metrics and frames are
written as
[˚gi, h˚a, w˚i, n˚i]→ [g˜i = η˜i˚gi, h˜3 = η˜3˚h3, h˜4 = η˜4˚h4, w˜i = w˚i +
ηwi, ni = n˚i +
ηni],
where the values η˜a, w˜i, n˜i and ̟ are functions of three coordinates (xk
′
, y4 = ϕ) and η˜i(xk) and depend only
on h–coordinates xk. The prime data g˚i, h˚a, w˚i, n˚i for a Kerr metric are given by coefficients depending only on
(xk). The quadratic line elements, determined by target solutions of type (61), are paremeterized in the form
ds24[dK] = e
ψ(xk
′
)[(dx1
′
)2 + (dx2
′
)2]−
Φ˜2
4Λ˜0
[
dy3 +
(
1nk +2 n˜k
∫
dϕ
(∂ϕΦ˜)
2
Φ˜3Ξ
)
dxk
]2
+
(∂4Φ˜)
2
Ξ
[
dϕ+
∂iΞ
∂ϕΞ
dxi
]2
,
where Ξ[ vΛ, Φ˜] =
∫
dϕ( vΛ)∂ϕ(Φ˜
2).
In terms of η–functions (39) giving h∗a 6= 0, gi = cie
ψ(xk
′
) and LC–configurations, the solutions of type (61)
with an effective cosmological constant Λ˜0 induced by off–diagonal Ricci soliton configurations and 2nk′ = 0
can be re–written in the form
ds2 = eψ(x
k′ )[(dx1
′
)2 + (dx2
′
)2]− (80)
η˜3′A[dy
3′ +
(
∂k′
ηn(xi
′
)− ∂k′(ŷ
3′ + ϕB/A)
)
dxk
′
]2 + η˜4′(C −B
2
/A)[dϕ+ (∂i′
ηA˜)dxi
′
]2,
where use is made of "primed" coordinates and prime Kerr data (77) and (79). The gravitational polarizations
(ηi, ηa) and N–coefficients (ni, wi) are computed
eψ(x
k) = η˜1′ = η˜2′ , η˜3′ = Φ˜
2/4Λ˜0A, η˜4′ = (∂ϕΦ˜)
2/Ξ(C −B
2
/A), (81)
wi′ = w˚i′ +
ηwi′ = ∂i′(
ηA˜[Φ˜]), nk′ = n˚k′ +
ηnk′ = ∂k′(−ŷ
3′ + ϕB/A+ ηn),
where ηA˜(xk, ϕ) is introduced via formulae and assumptions similar to (68), for s = 1, and ψ(xk) is a solution
of 2–d Poisson equation,
∂211ψ + ∂
2
22ψ = 2 Λ(x
k′).
To extract LC–configurations, the parameterizations (60) are made use of when h˚3′ h˚4′ = AC − B
2 and the
N–coefficients are computed as
wi′ = w˚i′ +
ηwi′ = ∂i′( Φ˜
√
|AC −B
2
|)/ ∂ϕΦ˜
√
|AC −B
2
| = ∂i′
ηA˜
for 1ni′ = ∂i′ ηn(xk) computed for an arbitrary function ηn(xk).
Theorem 4.1 Quadratic elements (80) define nonholonomic deformations of a prime Kerr solution [˚gi, h˚a, w˚i, n˚i]
(79) into target Ricci soliton LC–configurations with Killing symmetry ∂/∂ŷ3
′
determined by polarization func-
tions (81) generated by data
[
ψ(xk
′
), η˜3′(x
k′ , ϕ), ηA˜( η˜3′),
η n(xk), vΛ(xk
′
, ϕ), Λ˜0
]
.
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Proof. Let us show that η˜4′ can be defined by η˜3′ which can be considered as a generating function instead
of Φ˜. Considering the second formula in (81), we express
Φ˜2 = 4Λ˜0A η˜3′
and compute Ξ = 4Λ˜0A
∫
dϕ( vΛ)∂ϕ(η˜3′). We introduce these formulae into the third formula in (81) and derive
η˜4′ = A
(
∂ϕ
√
|η˜3′ |
)2
/(AC −B
2
)
∫
dϕ( vΛ)∂ϕ(η˜3′).
It follows that, by prescribing any polarization function η˜3′(xk
′
, ϕ) and v–source vΛ(xk
′
, ϕ), we can compute
η˜4′ . The polarizations η˜1′ = η˜2′ are determined by function ψ(xk
′
), i.e. by source Λ(xk
′
). Finally, by prescribing
any functional ηA˜( η˜3′) and function ηn(xk) we can compute the N–connection coefficients for any fixed effective
cosmological constant Λ˜0.

The solutions (80) are for stationary LC–configurations, generated canonically as off–diagonal Ricci solitons
from Kerr black holes when the new class of spacetimes carry Killing symmetry ∂/∂y3
′
and generic dependence on
three (from maximally four) coordinates, (xi
′
(r, ϑ), ϕ). Off–diagonal modifications are possible even for very small
values of the effective cosmological constant which can mimic gravitational effects determined by a gravitational
mass parameter µg.
4.2.1 Nonholonomically induced torsion and Ricci soliton modified gravity
If we do not impose the LC–conditions (26), a nontrivial source vΛ(xk
′
, ϕ) induces stationary configuration
with nontrivial d–torsion (A.4). For simplicity, we can study nonholonomic torsion effects for a v–source not
depending on the coordinate ϕ, i.e. for vΛ(xk
′
) The torsion coefficients are determined by metrics of the type
(61) with nontrivial Λ˜0 and certain parameterizations of coefficients of an associated N–connection, canonical
d–torson and coordinates distinguishing the prime data for a Kerr metric (79). The corresponding quadratic
elements can be written in the form
ds2 = eψ(x
k
′
)[(dx1
′
)2 + (dx2
′
)2]−
Φ2
4|Λ˜0|
A[dy3
′
+
(
1nk′(x
i′ ) + 2nk′(x
i′ )
(∂ϕΦ)
2
Φ5
− ∂k′ (ŷ
3′ + ϕB/A)
)
dxk
′
]2
+
(∂ϕΦ)
2
vΛ(xk′ )Φ2
(C −B
2
/A)[dϕ+
∂i′Φ
∂ϕΦ
dxi
′
]2, (82)
where nonzero values of 2nk(xi
′
) are considered. We can see that Ricci soliton effects may give nontrivial
stationary off–diagonal torsion effects if the integration function 2nk 6= 0. Considering two different classes of
off–diagonal solutions (82) and (80), we can study the issue if a Ricci modified gravity theory carries induced
torsion or is characterized by additional nonholonomic constraints as in GR (giving zero torsion).
It should be noted that configurations of type (82) can be constructed in various theories with noncom-
mutative, brane, extra–dimension, warped and trapped brane type variables in sting, or Finsler like and/or
Hořava–Lifshits theories [40, 43, 45, 15] when nonholonomically induced torsion effects are significant/non-
vanishing.
4.2.2 Small Ricci soliton modifications of Kerr metrics and modelling modified and massive
gravity
We can construct off–diagonal solutions for superposition of Ricci soliton effects and f–modified and massive
gravity interactions, see original contributions and reviews of results in Refs. [8, 31, 32, 14, 35, 19, 20, 24, 5,
28, 15]. Small nonlinear effects and modifications can be distinguished in explicit form if we take into account
additional f–deformations, for instance, a "prime" solution for massive gravity/ effective modeled in GR with
source µΛ = µ2g λ(x
k′), or re–defined to µΛ˜ = µ2g λ˜ = const. By adding a "small" value Λ˜ as determined
by f–modifications, we work in N–adapted frames with an effective source Υ = Λ˜ + λ˜. We construct a class
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of off–diagonal solutions in modified f–gravity generated from the Kerr black hole solution as a result of two
nonholonomic deformations
(˚g, N˚,
v
Υ˚ = 0, Υ˚ = 0)→ (g˜, N˜, vΥ˜ = λ˜, Υ˜ = λ˜)→ ( εg, εN,Υ = ε Λ˜ + µΛ˜, vΥ = ε Λ˜ + µΛ˜),
when the target data g = εg andN = εN depend on a small parameter ε, 0 < ε≪ 1. For simplicity, we construct
generic off–diagonal solutions with |ε Λ˜| ≪ | µΛ˜|, when f–modifications in N–adapted frames are much smaller
than massive gravity effects. A similar analysis for nonlinear interactions with |ε Λ˜| ≫ | µΛ˜|) is omitted. The
corresponding N–adapted transforms are parameterized as
[˚gi, h˚a, w˚i, n˚i]→ (83)
[gi = (1 + εχi)η˜ig˚i, h3 = (1 + εχ3)η˜3˚h3, h4 = (1 + εχ4)η˜4h˚4,
εwi = w˚i + w˜i + εwi,
εni = n˚i + n˜i + εni];
Υ = µΛ˜(1 + ε Λ˜/ µΛ˜); εΦ˜ = Φ˜(xk, ϕ)[1 + ε 1Φ˜(xk, ϕ)/Φ˜(xk, ϕ)] = exp[ ε̟(xk, ϕ)],
ds24εdK = ǫi(1 + εχi)e
ψ(xk)(dxi)2 +
εΦ˜2
4 Υ
[
dy3 + (∂i n)dx
i
]2
+
(∂ϕ
εΦ˜)2
Υ εΦ˜2
[
dy4 + (∂i
εAˇ)dxi
]2
,
which for LC–configurations, ∂i εAˇ = ∂i εAˇ+ε∂i 1Aˇ is determined by εΦ˜ = Φ˜+ε 1Φ˜ following conditions (72).
The values labeled by "◦" and "˜" are taken as in previous sections but, for simplicity, we omit priming of indices
and consider εni = 0. The χ- and w–values are computed for ε–deformed LC–configurations, see formulae (65)
for spacetime components, as solutions of the system (A.13) in the form (46)–(49) for a source Υ = µΛ˜+ εΛ˜.
The nonholonomic deformations (83) of the off–diagonal metrics (80) give a new class of ε–deformed solutions
with
χ1 = χ2 = χ, for ∂211χ+ ǫ2∂
2
22χ = 2Λ˜; (84)
χ3 = 2
1Φ˜/Φ˜ − Λ˜/ µΛ˜, χ4 = 2∂4
1Φ˜/Φ˜− 2 1Φ˜/Φ˜ − Λ˜/ µΛ˜, wi = (
∂i
1Φ˜
∂iΦ˜
−
∂4
1Φ˜
∂4Φ˜
)
∂iΦ˜
∂4Φ˜
= ∂i
1Aˇ, ni = 0.
There is no summation on index "i” in the last formula and h˚3′ h˚4′ = AC−B
2. The deformations are determined
respectively by two generating functions Φ˜ and 1Φ˜ and two sources µΛ˜ and Λ˜.
Summarizing the results, we construct an off–diagonal generalization of the Kerr metric by Ricci solitons,
"main" mass gravity terms and additional ε–parametric f–modifications,
ds2 = eψ(x
k′ )(1 + εχ(xk
′
))[(dx1
′
)2 + (dx2
′
)2]−
Φ˜2
4| µΛ˜|
A[1 + ε(2 1Φ˜/Φ˜− Λ˜/ µΛ˜)][dy3
′
+
(
∂k′
ηn(xi
′
)− ∂k′(ŷ
3′ + ϕB/A)
)
dxk
′
]2 + (85)
(∂ϕΦ˜)
2
µΛ˜Φ˜2
(C −B
2
/A)[1 + ε(2∂4
1Φ˜/Φ˜− 2 1Φ˜/Φ˜ − Λ˜/ µΛ˜)][dϕ + (∂i′ A˜+ ε∂i′
1Aˇ)dxi
′
]2.
We can consider ε–deformations of type (83) for (82) and generate new classes of off–diagonal solutions with
nonholonomically induced torsion determined both by Ricci soliton, massive and f–modifications of GR. Such
geometric and physical models are new and can not be identified with effective ones with anisotropic polarizations
in GR which also give different r–jet symmetries and prolongations.
4.3 Nonholonomic r–jet off–diagonal Ricci soliton prolongations of the Kerr solution
In reference [15], we studied generic off–diagonal deformations of the Kerr metric into solutions on higher
dimensional spacetimes. The goal of this section is to show how prolongations on r–jet variables can performed
following similar methods but generalized to include nonholonomic jet variables.
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4.3.1 Jet one shell deformations with nontrivial cosmological constant
Jet symmetries impose certain constraints on possible off–diagonal deformations of a Kerr metric generalized
for a corresponding class of solutions with any nontrivial cosmological constant in 6–d. (In a similar form we
can generalize the constructions for any finite number of shells). The corresponding class of Kerr – de Sitter jet
prolongation configurations are generated by nonholonomic deformations (˚g, N˚,
v
Υ˚ = 0, Υ˚ = 0)→ (g˜, N˜, vΥ˜ =
Λ, Υ˜ = Λ, v1Υ˜ = Λ) when solutions are characterized by a jet Killing symmetry ð/∂ζ5 and parameterized as
ds2 = eψ(x
k′ )[(dx1
′
)2 + (dx2
′
)2]−
Φ˜2
4Λ
A[dy3
′
+
(
∂k′
ηn(xi
′
)− ∂k′(ŷ
3′ + ϕB/A)
)
dxk
′
]2 + (86)
(∂ϕΦ˜)
2
ΛAΦ˜2
(AC −B
2
)[dϕ + (∂i′
ηA˜)dxi
′
]2 +
1Φ˜2
4 Λ
[
dζ5 + (∂τ
1n)duτ
]2
+
(ð6
1Φ˜)2
Λ 1Φ˜2
[
dζ6 + (∂τ
1Aˇ)duτ
]2
.
The generating functions for such d–metrics are parameterized as
Φ˜ = Φ˜(xk
′
, ϕ), 1Φ˜(uβ, ζ6) = 1Φ˜(xk
′
, t, ϕ, ζ6); ηn = ηn(xi
′
), 1n = 1n(uβ, ζ6); ηA˜ = ηA˜(xk
′
, ϕ), 1Aˇ = 1Aˇ(uβ, ζ6),
and subject to LC–conditions and conditions of integrability and the "primary" data A,B,C are taken for the
Kerr solution in the form (78).
By imposing additional symmetries and constraints on the spacetime generating functions, we can "extract"
ellipsoid configurations for a subclass of metrics with ε–deformations,
ds2 = eψ(x
k′ )[(dx1
′
)2 + (dx2
′
)2]−
Φ˜2
4Λ
A[1 + 2εζ sin(ω0ϕ+ ϕ0)][dy
3′ +
(
∂k′
ηn(xi
′
)− ∂k′(ŷ
3′ + ϕ
B
A
)
)
dxk
′
]2
+
(∂ϕΦ˜)
2
ΛΦ˜2
(C −B
2
/A)[1 + ε(2
∂ϕΦ˜
Φ˜
ζ sin(ω0ϕ+ ϕ0) + 2ω0ζ cos(ω0ϕ+ ϕ0))][dϕ + (∂i′
ηA˜)dxi
′
]2
+
1Φ˜2
4 Λ
[
dζ5 + (∂τ
1n)duτ
]2
+
(ð6
1Φ˜)2
Λ 1Φ˜2
[
dζ6 + (∂τ
1Aˇ)duτ
]2
,
where ζ, ω0 and ϕ0 are certain constants determining gravitational rotoid configurations with eccentricity ε. For
small values of ε, such metrics describe "slightly" deformed Kerr black holes embedded self–consistently into a
generic off–diagonal jet prolongation as a 6–d spacetime.
4.3.2 Two shell effective 8–d jet prolongations
Applying the AFDM, we can construct two shell nonholonomic jet prolongations of the Kerr metric which,
in general, are with nontrivial induced torsion for an effective 8-d spacetime with interior jet symmetries. The
nonholonomic deformations are defined by the data (˚g, N˚,
v
Υ˚ = 0, Υ˚ = 0) → (g˜, N˜, vΥ˜ = Λ, Υ˜ = Λ, v1Υ˜ =
Λ, v2Υ˜ = Λ) and extending on jet variables the 4–d quadratic element (82) but for a different source (we consider
a cosmological constant Λ for all dimensions). The corresponding class of solutions is determined by
ds2 = eψ(x
k
′
)[(dx1
′
)2 + (dx2
′
)2]−
Φ2
4Λ
A[dy3
′
+
(
1nk′(x
i′ ) + 2nk′ (x
i′)
(∂ϕΦ)
2
Φ5
− ∂k′(ŷ
3′ + ϕ
B
A
)
)
dxk
′
]2
+
(∂ϕΦ)
2
ΛΦ2A
(AC −B
2
)[dϕ+
∂i′Φ
∂ϕΦ
dxi
′
]2 +
1Φ˜2
4 Λ
[
dζ5 + (∂τ
1n)duτ
]2
+
(ð6
1Φ˜)2
Λ 1Φ˜2
[
dζ6 + (∂τ
1Aˇ)duτ
]2
+
2Φ˜2
4 Λ
[
dζ7 + (∂τ1
2n)duτ1
]2
+
(ð8
2Φ˜)2
Λ 2Φ˜2
[
dζ8 + (∂τ1
2Aˇ)duτ1
]2
. (87)
The generating functions depend on spacetime and jet variables,
Φ = Φ(xk
′
, ϕ), 1Φ˜(uβ , ζ6) = 1Φ˜(xk
′
, t, ϕ, ζ6), 2Φ˜(uβ1 , ζ8) = 2Φ˜(xk
′
, t, ϕ, ζ5, ζ6, ζ8); (88)
1n = 1n(uβ, ζ6), 2n = 2n(uβ1 , ζ8), ηA˜ = ηA˜(xk
′
, ϕ), 1Aˇ = 1Aˇ(xk
′
, t, ϕ, ζ6), 2Aˇ = 2Aˇ(xk
′
, t, ϕ, ζ5, ζ6, ζ8).
Such values are chosen in such forms when the nonholonomically induced torsion (A.4) is effectively modeled
on a 4–d pseudo–Riemannian spacetime but on jet shells s = 1 and s = 2 the torsion fields are zero. This mean
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that there are jet coordinate transforms to certain classes of holonomic variables. We can generate jet depending
nontrivial torsion N–adapted coefficients if nontrivial integration functions of type 2nk′(xi
′
) are extended to
contain jet variables.
4.3.3 Kerr Ricci soliton deformations and vacuum r–jet prolongations
Classes of solutions exist with jet variables describing vacuum ellipsoid spacetime configurations with prolon-
gations on two shell jet variables when the source is of type Υ = λ˜+ ε(Λ˜+Λ) = 0,with effective massive gravity
term µΛ˜=µ2g| λ|, and give ellipsoidal off–diagonal configurations in GR. For such metrics, ε = −
µΛ˜/(Λ˜+Λ)≪ 1
can be considered as an eccentricity parameter. The corresponding models of off–diagonal jet interior grav-
itational interactions are with f–modifications when Λ˜ compensates nonholonomic contributions via effective
constant Λ˜ and relates the constructions to massive gravity deformations of a Kerr solution. This subclass of
solutions for ε–deformations into vacuum solutions is parameterized by target ansatz
ds2 = eψ(x
k
′
)(1 + εχ(xk
′
))[(dx1
′
)2 + (dx2
′
)2]−
Φ˜2
4 µΛ˜
A[1 + εχ3′ ][dy
3′ +
(
∂k′
ηn(xi
′
)− ∂k′(ŷ
3′ + ϕB/A)
)
dxk
′
]2 +
(∂ϕΦ˜)
2η4′
µΛ˜Φ˜2
(C −
B
2
A
)[1 + εχ4′ ][dϕ+ (∂i′ A˜+ ε∂i′
1Aˇ)dxi
′
]2 +
1Φ˜2
4( Λ˜ + Λ)
[
dζ5 + (∂τ
1n)duτ
]2
+ (89)
(ð6
1Φ˜)2
( Λ˜ + Λ) 1Φ˜2
[
dζ6 + (∂τ
1Aˇ)duτ
]2
+
2Φ˜2
4 (Λ˜ + Λ)
[
dζ7 + (ðτ1
2n)duτ1
]2
+
(ð8
2Φ˜)2
( Λ˜ + Λ) 2Φ˜2
[
dζ8 + (ðτ1
2Aˇ)duτ1
]2
.
The jet components are generated by functions 1Φ˜, 2Φ˜ and N–coefficients similar to solutions (87) but with
modified effective jet prolongation sources, Λ → Λ˜ + Λ. This result shows that interior jet interactions can
mimic ε–deformations in order to compensate contributions from f–modifications and even the effective vacuum
configurations for the 4–d horizontal part. In general, vacuum metrics (89) encode jet modifications/ polariza-
tions of physical constants and coefficients of metrics under nonlinear polarizations of an effective 8-d vacuum
distinguishing 4–d nonholonomic configurations and Ricci soliton or massive gravity contributions. Jet variables
and f–modified contributions are described by terms proportional to eccentricity parameter ε.
4.3.4 Jet ellipsoid like Kerr – de Sitter configurations
Using the solutions (87), we can construct a class of non–vacuum 8–d jet prolonged solutions with rotoid
configurations. For this, we choose for ε–deformations (see a similar formula (84) for 4-d) a small polarization
χ3 = 2
1Φ˜/Φ˜− ( Λ˜ +Λ)/ µΛ˜ = 2ζ sin(ω0ϕ+ϕ0). Re–expressing 1Φ˜ = Φ˜[ ( Λ˜ +Λ)/2 µΛ˜ + ζ sin(ω0ϕ+ϕ0)] and
(88), one can generate a class of off–diagonal jet prolongations of ellipsoid Kerr – de Sitter configurations
ds2 =
eψ(x
k
′
)(1 + εχ(xk
′
))[(dx1
′
)2 + (dx2
′
)2]−
Φ˜2A
4| µΛ˜|
[1 + 2εζ sin(ω0ϕ+ ϕ0)][dy
3′ + (∂k′
ηn(xi
′
)− ∂k′(ŷ
3′ + ϕ
B
A
))dxk
′
]2
+
(∂ϕΦ˜)
2
µΛ˜Φ˜2
(C −
B
2
A
)[1 + ε(
∂ϕΦ˜
Φ˜
Λ˜ + Λ
µΛ˜
+ 2
∂ϕΦ˜
Φ˜
ζ sin(ω0ϕ+ ϕ0) + 2ω0 ζ cos(ω0ϕ+ ϕ0))][dϕ + (∂i′ A˜+ ε∂i′
1Aˇ)dxi
′
]2
+
1Φ˜2
4 ( Λ˜ + Λ)
[
dζ5 + (∂τ
1n)duτ
]2
+
(ð6
1Φ˜)2
( Λ˜ + Λ) 1Φ˜2
[
dζ6 + (∂τ
1Aˇ)duτ
]2
+
2Φ˜2
4 (Λ˜ + Λ)
[
dζ7 + (ðτ1
2n)duτ1
]2
+
(ð8
2Φ˜)2
( Λ˜ + Λ) 2Φ˜2
[
dζ8 + (ðτ1
2Aˇ)duτ1
]2
.
These metrics possess the Killing symmetry ð7 and define ε–deformations of Kerr – de Sitter black holes into
ellipsoid configurations with effective cosmological constants determined, respectively, by constants in Ricci
soliton models, massive gravity, f–modifications and jet prolongation contributions.
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A N–adapted Coefficients and Proofs
We provide a set of necessary N-adapted coefficient formulae that are important for proofs and applications.
A series of results obtained in [40, 43, 45] are reformulated and generalized for nonholonomic r–jet variables
with conventional 2 + 2 + .... splitting.
A.1 Torsions and Curvature of d–connections on Jr(V,V′) with 2-d shells
For any d–connection strucutre sD and r–jet 2d shell prolongations with coefficients (12), there are two
important theorems:
Theorem A.1 The N–adapted coefficients of d–torsion sT = {Tαsβsγs} from (15) are computed recurrently
"shall by shell" following formulae
T ijk = L
i
jk − L
i
kj , T
i
ja = C
i
jb, T
a
ji = −
NJaji, T
c
aj = L
c
aj − ∂a(N
c
j ), T
a
bc = C
a
bc − C
a
cb, spacetime components ; ...(A.1)
T isjsks = L
is
jsks
− Lisksjs , T
is
jsas
= Cisjsbs , T
as
jsis
= − NJasjsis , T
cs
asjs
= Lcsasjs − ðas(N
cs
js
), T asbscs = C
as
bscs
− Cascb , r–jet .
Proof. The coefficients (A.4) are computed for any D̂ = {Γαsβsγs} and N–adapted frames (9) and (10) using
standard differential form calculus with (15) (or, in operator form, using the formula (13)).

Theorem A.2 The N–adapted coefficients of d–curvature sR = {Rαsβsγsδs} from (16) are computed recurrently
"shell by shell" following formulae
Rihjk = ∂kL
i
hj − ∂jL
i
hk + L
m
hjL
i
mk − L
m
hkL
i
mj − C
i
ha
NJakj,
Rabjk = ∂kL
a
bj − ∂jL
a
bk + L
c
bjL
a
ck − L
c
bkL
a
cj − C
a
bc
NJckj, (A.2)
Rijka = ∂aL
i
jk −DkC
i
ja + C
i
jbT̂
b
ka, R
c
bka = eaL
c
bk −DkC
c
ba +C
c
bdT
c
ka,
Ri jbc = ∂cC
i
jb − ∂bC
i
jc + C
h
jbC
i
hc − C
h
jcC
i
hb,
Rabcd = ∂dC
a
bc − ∂cC
a
bd + C
e
bcC
a
ed −C
e
bdC
a
ec, spacetime components ;
Rishsjsks = ðksL
is
hsjs
− ðjsL
is
hsks
+ LmshsjsL
is
msks
− LmshsksL
is
msjs
− Cishsas
NJasksjs ,
Rasbsjsks = ðkL
a
bj − ðjL
a
bk + L
c
bjL
a
ck − L
c
bkL
a
cj − C
a
bc
NJckj,
Risjsksas = ðasL
is
jsks
−DksC
is
jsas
+ Cisjsbs T̂
bs
ksas
, Rcsbsksas = ðasL
cs
bsks
−DksC
cs
bsas
+ CcsbsdsT
cs
ksas
,
Risjsbscs = ðcsC
is
jsbs
− ðbsC
is
jscs
+ ChsjsbsC
is
hscs
−ChsjscsC
is
hsbs
,
Rasbscsds = ðdsC
as
bscs
− ðcsC
as
bsds
+ CesbscsC
as
esds
− CesbsdsC
as
escs , spacetime components .
Proof. The coefficients (A.2) are computed for any D̂ = {Γαsβsγs} and N–adapted frames (9) and (10) using
a standard differential form calculus with (16) (or, in operator form, using the formula (14)). For 2+2+ ... shell
decompositions, such formulae are similar to the coefficients of curvature in higher dimensional spacetime but
with re–parameterized (in our case) nonholonomic r–jet variables.
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A.2 Sketch of proof of theorem 2.3
We can check by straightforward computations that the conditions of metric compatibility and zero h- and
v– torsions are satisfied by sD̂ = {Γ̂γsαsβs} with coefficients computed recurrently
L̂ijk =
1
2
gir (ekgjr + ejgkr − ergjk) ,
L̂abk = eb(N
a
k ) +
1
2
hac
(
ekhbc − hdc ebN
d
k − hdb ecN
d
k
)
,
Ĉijc =
1
2
gikecgjk, Ĉ
a
bc =
1
2
had (echbd + echcd − edhbc) , (A.3)
L̂αβγ =
1
2
gατ (eγgβτ + eβgγτ − eτgβγ) ,
L̂a1b1γ = ðb1(N
a1
γ ) +
1
2
ha1c1
(
eγhb1c1 − hd1c1 ðb1N
d1
γ − hd1b1 ðc1N
d1
γ
)
,
Ĉαβc1 =
1
2
gατðc1gβτ , Ĉ
a1
b1c1
=
1
2
ha1d1 (ðc1hb1d1 + ðc1hc1d1 − ðd1hb1c1) ,
...
L̂
αs−1
βs−1γs−1
=
1
2
gαs−1τs−1
(
eγs−1gβs−1τs−1 + eβs−1gγs−1τs−1 − eτs−1gβs−1γs−1
)
,
L̂asbsγs−1 = ðbs(N
as
γs−1) +
1
2
hascs
(
eγs−1hbscs − hdscs ðbsN
ds
γs−1 − hdsbs ðcsN
ds
γs−1
)
,
Ĉ
αs−1
βs−1cs
=
1
2
gαs−1τs−1ðcsgβs−1τs−1 , Ĉ
as
bscs
=
1
2
hasds (ðcshbsds + ðcshcsds − ðdshbscs) .
The torsion d–tensor (15) of sD̂ is completely defined by sg (18) for any chosen sN = {Nasis } if the above
coefficients (A.3) are introduced "shell by shell" into formulae
T̂ ijk = L̂
i
jk − L̂
i
kj, T̂
i
ja = Ĉ
i
jb, T̂
a
ji = −
NJaji, T̂
c
aj = L̂
c
aj − ea(N
c
j ), T̂
a
bc = Ĉ
a
bc − Ĉ
a
cb,
.... (A.4)
T̂αsβsγs = L̂
αs
βsγs
− L̂αsγsβs , T̂
αs
βsbs
= Ĉαsβsbs , T̂
as
βsγs
= NJasγsβs .
We can impose as additional nonholonomic conditions certain equations when all coefficients (A.4) are zero. In
this case we extract from (A.3) various LC–configurations. The coefficients of the LC–connection pΓ
γs
αsβs
can
be computed in standard form in coordinate bases and/or with respect to N–adapted frames. Taking differences
between Γ̂γsαsβs and pΓ
γs
αsβs
, we find the N–adapted coefficients of the distortion d–tensor Ẑαsβsγs (similar formulae
are given for Corollary 2.1 and (22) in Ref. [43], in extra dimension coordinates but without jet configurations).
A.3 Proof of theorem 3.1
Such a proof is possible by explicitly the computing of the N–adapted coefficients of the canonical Ricci
d–tensor on Jr(V,V′) with 2-d shells. Let us consider an ansatz (40) with ∂4ha 6= 0,ð6ha1 6= 0, ...,ð2shas 6= 0,
when the partial derivatives are denoted in the forms ∂1h = ∂h/∂x1, ∂4h = ∂h/∂y4, ∂244h = ∂
2h/∂y4∂y4 and
ð266 = ∂
2h/∂ζ6∂ζ6, where the indices taking values 5, 6, ... are for 2 + 2 + ... jet parameterized variables. We
can construct more special classes of solutions when the conditions alluded to are not satisfied which warrants
the analysis of more special classes of solutions. For simplicity, we suppose that via frame transformations it is
always possible to introduce the necessary type of parameterizations for d–metrics whenever the necessary types
of partial derivatives of some coefficients are not zero.
Lemma A.1 With respect to N–adapted frames (9) and (10), the nonzero coefficients of the Ricci d–tensor Rˆαsβs
(21) for ansatz (40) with Killing symmetry on ∂3 possess symmetries determined by the following formulae: for
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spacetime components with partial derivative operator ∂,
R̂11 = R̂
2
2 = −
1
2g1g2
[∂211g2 −
(∂1g1)(∂1g2)
2g1
−
(∂1g2)
2
2g2
+ ∂222g1 −
(∂2g1)(∂2g2)
2g2
−
(∂2g1)
2
2g1
], (A.5)
R̂33 = R̂
4
4 = −
1
2h3h4
[∂244h3 −
(∂4h3)
2
2h3
−
(∂4h3)(∂4h4)
2h4
], (A.6)
R̂3k =
h3
2h4
∂244nk +
(
h3
h4
∂4h4 −
3
2
∂4h3
)
∂4nk
2h4
, (A.7)
R̂4k =
wk
2h3
[∂244h3 −
(∂4h3)
2
2h3
−
(∂4h3)(∂4h4)
2h4
] +
∂4h3
4h3
(
∂kh3
h3
+
∂kh4
h4
)−
∂k(∂4h3)
2h3
, (A.8)
and for r–jet components with partial derivative operator ð on jet variables, on shell s = 1, τ = 1, 2, 3, 4;
R̂55 = R̂
6
6 = −
1
2h5h6
[ð66h5 −
(ð6h5)
2
2h5
−
(ð6h5)(ð6h6)
2h6
], (A.9)
R̂5τ =
h5
2h6
ð
2
66
1nτ +
(
h5
h6
ð6h6 −
3
2
ð6h5
)
ð6
1nτ
2h6
, (A.10)
R̂6τ =
1wτ
2h5
[ð266h5 −
(ð6h5)
2
2h5
−
(ð6h5)(ð6h6)
2h6
] +
ð6h5
4h5
(
ðτh5
h5
+
ðτh6
h6
)−
ðτ (ð6h5)
2h5
, (A.11)
and, for extra shells with number s,
R̂2s−12s−1 = R̂
2s
2s = −
1
2h3+2sh4+2s
[ð24+2s 4+2sh3+2s −
(ð4+2sh3+2s)
2
2h3+2s
−
(ð4+2sh3+2s)(ð4+2sh4+2s)
2h4+2s
],
R̂3+2s τ1 =
h2s−1
2h2s
ð
2
2s 2s
2nτ1 +
(
h2s−1
h2s
ð4+2sh4+2s −
3
2
ð4+2sh3+2s
)
ð4+2s
2nτ1
2h3+2s
,
R̂4+2s τ1 =
2wτ1
2h7
[ð24+2s 4+2sh3+2s −
(ð4+2sh3+2s)
2
2h3+2s
−
(ð4+2sh3+2s)(ð4+2sh4+2s)
2h4+2s
] + (A.12)
ð4+2sh3+2s
4h3+2s
(
ðτ1h3+2s
h3+2s
+
ðτ1h4+2s
h4+2s
)−
ðτ1(∂4+2sh3+2s)
2h3+2s
,
when τ1 = 1, 2, 3, 4, 5, 6;
...
Proof. We introduce the coefficients of the canonical d–connection Γ̂γsαsβs(A.3) for the d–metric ansatz (40)
and compute the N–adapted d–curvature coefficients (A.2) and (A.1). Then, contracting the indices (following
formulae (21), (22) and (23)) we find the nontrivial values of the N–adapted coefficientes for the Ricci d–tensor,
scalar curvature and Einstein d–tensor of sD̂. Explicit proofs of the formulae (A.5)–(A.8) for 4-d and extra
dimensional indices are provided in a series of our works, for instance, in [45, 43, 40]. We do not repeat the
required calculus in this paper.
Introducing r–jet variables, we observe that on the first shell, with s = 1, the formulae (A.6)–(A.8) are
generalized in a similar form but for the partial derivatives ð on jet variables, with respective indices 5 and 6 for
a nonholonomic 2+2+2+... splitting. To avoid ambiguities, we put left labels s = 1 on the necessary geometric
objects and coefficients. On this shell, the first four coordinates α = 1, 2, 3, 4 are treated as "base type" but take
a1, b1, ... = 5, 6 as conventional "fiber/jet" ones. In symbolic form, the equations (A.9)–(A.11) are constructed
via formally increasing by 2 respective values of 4-d spacetime indices and introducing dependencies on all "base/
spacetime" coordinates.
For shells s = 2, 3, ..., "fiber/jet" indices are labeled with values of type 3 + 2s and 4 + 2s and the previous
(base type) indices take values 1, 2, ...2 + 2s. The equations (A.12) present a "recurrent" generalizations for a
finite number of shells, s, of the 1st jet shell when s = 1.

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Let us analyze some important nonholonomic symmetries of of the canonical Ricci and Einstein d–tensors:
For s = 1 and using the above formulae, we can compute the Ricci scalar (22) for 1D̂ , 1R̂ = 2(R̂11+R̂
3
3+R̂
5
5).
There are certain N–adapted symmetries of the Einstein d–tensor (23) for the ansatz (40), Ê11 = Ê
2
2 = −(R̂
3
3 +
R̂55), Ê
3
3 = Ê
4
4 = −(R̂
1
1 + R̂
5
5), Ê
5
5 = Ê
6
6 = −(R̂
1
1 + R̂
3
3).
In a similar form, we find symmetries for s = 2 :
Ê11 = Ê
2
2 = −(R̂
3
3 + R̂
5
5 + R̂
7
7), Ê
3
3 = Ê
4
4 = −(R̂
1
1 + R̂
5
5 + R̂
7
7),
Ê55 = Ê
6
6 = −(R̂
1
1 + R̂
3
3 + R̂
7
7), Ê
7
7 = Ê
8
8 = −(R̂
1
1 + R̂
3
3 + R̂
5
5).
We conclude that the nonholonomically jet modified Einstein equations (A.5)–(A.12) for s = 2 jet shells with
nontrivial Λ–sources can be written in N–adapted form as
R̂11 = R̂
2
2 = −Λ(x
k), R̂33 = R̂
4
4 = −
vΛ(xk, y4), R̂55 = R̂
6
6 = −
v
1Λ(u
β , ζ6), R̂77 = R̂
8
8 = −
v
2Λ(u
β1 , ζ8), ...., (A.13)
which can be extended for any arbitrary finite number of jets’ shells.
A.4 Nonholonomic spacetime and r–jet vacuum solutions
A.4.1 4–d nonhlonomic vacuum configurations
To consider vacuum solutions for D̂ with vΛ = 0 in (47) we study configurations with N–adapted coefficients
when ∂4h3 = 0 and/or ∂4φ = 0. The limits to the off–diagonal solutions with Λ = vΛ = 0 are not smooth
because multiples ( vΛ)−1 are considered in various coefficients and re–defined generating functions for solutions
(61).
Let us analyze the conditions when the nontrivial coefficients of the Ricci d–tensor (A.5)–(A.8) are zero for
ansatz (40). The first equation is a typical example of 2–d wave or Laplace equation. We can express such
solutions in a similar form gi = ǫieψ(x
k ,Λ=0)(dxi)2.
There are three classes of off–diagonal metrics giving zero coefficients (A.6)–(A.8).
1. We impose the condition ∂4h3 = 0, h3 6= 0, giving only one nontrivial equation, see (A.7), ∂244nk +
∂4nk ∂4 ln |h4| = 0, where h4(xi, y4) 6= 0 and wk(xi, y4) are arbitrary functions. If ∂4h4 = 0, we must take
∂244nk = 0. For ∂4h4 6= 0, we get
nk = 1nk + 2nk
∫
dy4/h4 (A.14)
with integration functions 1nk(xi) and 2nk(xi). The corresponding class of nonholonomic vacuum solutions
is defined by quadratic line element
ds2v1 = ǫie
ψ(xk ,Λ=0)(dxi)2 + 0h3(x
k)[dy3 + ( 1nk(x
i) + 2nk(x
i)
∫
dy4/h4)dx
i]2
+h4(x
i, y4)[dy4 + wi(x
k, y4)dxi].
2. Let us assume ∂4h3 6= 0 and ∂4h4 6= 0.We can solve (A.6) and/or (47) for vΛ = 0 if ∂4φ = 0 for coefficients
(42) and (41). For φ = φ0 = const, we can consider arbitrary functions wi(xk, y4) as generating functions
because β = αi = 0 for such configurations. The condition (41) is satisfied by any
h4 =
0h4(x
k)(∂4
√
|h3|)
2, (A.15)
where 0h3(xk) is an integration function and h3(xk, y4) is any generating function. The coefficients nk are
found from (A.7), see (A.14). The corresponding class of nonholonomic vacuum metrics is defined by the
quadratic line element
ds2v2 = ǫie
ψ(xk ,Λ=0)(dxi)2 + h3(x
i, y4)[dy3 + ( 1nk(x
i) + 2nk(x
i)
∫
dy4/h4)dx
i]2 + (A.16)
0h4(x
k)(∂4
√
|h3|)
2[dy4 + wi(x
k, y4)dxi]2.
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3. Another type of configurations are generated by ∂4h3 6= 0 but ∂4h4 = 0. The equation (A.6) is ∂244h3 −
(∂4h3)
2
2h3
= 0, with general solution is h3(xk, y4) =
[
c1(x
k) + c2(x
k)y4
]2, where c1(xk), c2(xk) are generating
functions and h4 = 0h4(xk). For φ = φ0 = const, we can choose any values wi(xk, y4) because β = αi = 0.
The coefficients ni are determined by equation (A.7) and/or, equivalently, (48) with γ = 32∂4|h3|. We find
ni = 1ni(x
k) + 2ni(x
k)
∫
dy4|h3|
−3/2 = 1ni(x
k) + 2n˜i(x
k)[c1(x
k) + c2(x
k)y4]−2,
with integration functions 1ni(xk) and 2ni(xk), or re–defined 2n˜i = − 2ni/2c2. The quadratic line element
for this class of vacuum nonholonomic solutions is given by
ds2v3 = ǫie
ψ(xk ,Λ=0)(dxi)2 +
[
c1(x
k) + c2(x
k)y4]2[dy3 + ( 1ni(x
k) + 2n˜i(x
k)[c1(x
k) + c2(x
k)y4]−2)dxi
]2
+ 0h4(x
k)[dy4 + wi(x
k, y4)dxi]2. (A.17)
Finally, we note that such solutions are with nontrivial induced torsion (A.4) and that additional assumptions
are necessary to extract vacuum LC–configurations.
A.4.2 Nonholonomic r–jet prolongations of vacuum solutions:
The quadratic line elements (61), (62), (63),... for off–diagonal jet prolongations of generic off–diagonal
solutions have been constructed for nontrivial sources vΛ(xk, y4), v1Λ(u
τ , ζ6), v2Λ(u
τ , ζ8), ... In a similar manner,
we can generate jet prolongations of vacuum configurations with effective zero cosmological constants extending
with r–jet variables the 4-d vacuum metrics of type ds2v1, ds
2
v2 (A.16), ds
2
v3 (A.17) etc. It is possible to generate
solutions when the sources are zero on some shells and nonzero on other shells.
Let us consider an example of quadratic line element for jet prolongation of effective 6–d gravity derived as
a s = 1 generalization of (A.16). For such solutions, ∂4ha 6= 0,ð6ha1 6= 0, ... and φ = φ0 = const,
1φ = 1φ0 =
const, ...
ds2v2s3 = ǫie
ψ(xk ,Λ=0)(dxi)2 + h3(x
i, y4)[dy3 +
(
1nk(x
i) + 2nk(x
i)
∫
dy4/h4
)
dxi]2 + (A.18)
0h4(x
k)(∂4
√
|h3|)
2[dy4 + wi(x
k, y4)dxi]2 + h5(u
τ , ζ6)[dζ5 +
(
1
1nλ(u
τ ) + 12nλ(u
τ )
∫
dζ6/h6
)
duλ]2
+ 0h6(u
τ )(ð6
√
|h5|)
2[dζ6 + 1wλ(u
τ , ζ6)duλ]2,
where 0h3(xk), 0h5(uτ ), 1nk(xi), 2nk(xi), 11nλ(u
τ ), 12nλ(u
τ ) are integration functions. The values h4(xk, y4)
and h6(uτ , ζ6) are any generating functions depending on spacetime and jet prolongation variables. We can
consider arbitrary functions wi(xk, y4) and 1wλ(uτ , ζ6) because, respectively, β = αi = 0 and 1β = 1ατ = 0
for such configurations, see formulas (42), (41) and (44), (43).
A.5 The LC–conditions
We can consider nonholonomic frame deformations of the N–coefficients and ansatz (40) when all coefficients
of a nonholonomically induced torsion (A.4) are zero and pΓ
γs
αsβs
= Γ̂γsαsβs . For simplicity, we analyze such
conditions for 4–d spacetime (generalizations to extra jet shell can be performed recurrently as we explained in
section 3).
The trivial coefficients of d–torsion (A.4) are T̂ ijk = L̂
i
jk − L̂
i
kj = 0, T̂
i
ja = Ĉ
i
jb = 0, T̂
a
bc = Ĉ
a
bc − Ĉ
a
cb = 0
for any ansatz (40). Let us compute the nontrivial coefficients T̂ caj = L̂
c
aj − ea(N
c
j ) and T̂
a
ji = −
NJaji. For a
2+2 spacetime splitting, the values
L̂abi = ∂bN
a
i +
1
2
hac(∂ihbc −N
e
i ∂ehbc − hdc∂bN
d
i − hdb∂cN
d
i ), T̂
c
aj =
1
2
hac(∂ihbc −N
e
i ∂ehbc − hdc∂bN
d
i − hdb∂cN
d
i ).
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are computed forN3i = ni(x
k, y4), N4i = wi(x
k, y4); hbc = diag[h3(x
k, y4), h4(x
k, y4)]; hac = diag[(h3)
−1, (h4)
−1].
We write
T̂ 3bi =
1
2
h3c(∂ihbc −N
e
i ∂ehbc − hdc∂bN
d
i − hdb∂cN
d
i ) =
1
2h3
(∂ihb3 − wi∂4hb3 − h3∂bni),
i.e. T̂ 33i =
1
2h3
(∂ih3 − wi∂4h3), T̂
3
4i =
1
2
∂4ni.
In a similar form, we compute
T̂ 4bi =
1
2
h4c(∂ihbc −N
e
i ∂ehbc − hdc∂bN
d
i − hdb∂cN
d
i ) =
1
2h4
(∂ihb4 − wi∂4hb4 − h4∂bwi − h3b∂4ni − h4b∂4wi)
i.e. T̂ 43i = −
h3
2h4
∂4ni, T̂
4
4i =
1
2h4
(∂ih4 − wi∂4h4)− ∂4wi.
The coefficients of the N–connection curvature NJaij = ej (N
a
i )− ei(N
a
j ) are expressed as
NJaij = ∂j (N
a
i )− ∂i(N
a
j )−N
b
j ∂bN
a
i +N
b
i ∂bN
a
j = ∂j (N
a
i )− ∂i(N
a
j )− wj∂4N
a
i + wi∂4N
a
j
with nontrivial values:
NJ312 = −
NJ321 = ∂2n1−∂1n2−w2∂4n1+w1∂4n2,
NJ412 = −
NJ421 = ∂2w1−∂1w2−w2∂4w1+w1∂4w2. (A.19)
Summarizing the above formulae for ∂4ni = 0 and ∂2n1− ∂1n2 = 0, we get the condition for zero torsion for
the ansatz (40) with nk = ∂kn(xi),
1
2h3
(∂ih3 − wi∂4h3) = 0,
1
2h4
(∂ih4 − wi∂4h4) = ∂4wi, (A.20)
∂2w1 − ∂1w2 − w2∂4w1 +w1∂4w2 = 0. (A.21)
From this, we can define a LC–configuration. The final step is to impose the condition that the coefficients nk
do not depend on y4. This can be fixed for 1nk(xi) = ∂kn(xi) and 2nk = 0, i.e. nk = ∂kn(xi).
Finally, we note that the LC-conditions can be formulated recurrently, in similar forms, for higher order
shells of jet coordinates using the partial derivative operator ð both for zero and non-zero sources.
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